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Quantum fluctuations of instantons in the two-dimensional non-linear O(3) ¢ model
are computed completely. The calculation of the instanton contribution is reduced to
the study of the Coulomb gas. It is shown that infrared divergences disappear if we
take into account the contribution of instantons having arbitrary topological number.

1. Introduction

Some features of the two-dimensional non-linear o model (or the continuum
classical Heisenberg ferromagnet in two space dimensions) bear many similarities to
a four-dimensional non-Abelian gauge theory. Both are scale invariant and asymp-
totically free. Both possess exact multi-instanton solutions.

Since the non-linear o model in two dimensions is much simpler than the Yang-
Mills theory in four dimensions, this model seems to be an ideal testing ground for
any speculations about the effects of instantons in four-dimensional gauge theories.

The purpose of this paper is to compute the instanton contribution to the Green
functions of the non-linear ¢ model. The model under consideration can be
described by the Lagrangian
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where o”(x¢, x1) is a three component unit vector: Z;l clc? =1, u=0,1.
The Euclidean Green functions of the model can be represented in the form

[ (@rexp (=8)dot0) / [ exp (=S a0 (o), (L.1)

where ¢{c) is an arbitrary functional and S denotes the Euclidean action:
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The functional integrals in (1.1) can be calculated by means of the steepest
descent method in the weak coupling case. To apply this method we must know the
extremals of the Euclidean action (1.2), instantons. These instantons were found
in [1].

It is convenient to introduce the new field and space variables by the description
of instantons. Namely, we use the complex variable z = xo+ix; instead of the space
and time coordinates x1, xo and the field

o' +io?
1+o°

(1.3)

obtained from the field (¢, o°, ), taking values on the unit sphere, by stereo-
graphic projection.
In terms of these variables

4 _
S=?J A+ w2 0,waw +3:wd,w) dx, (1.4)

where
1 . 1 . 2. 1. -
3, =2(0x —10,), d:=7(0, +1dy), d°x=3idzdz.

The topological charge,
1 _
q=—J A+|w) 2 0,wasw—o:wo,w) dx, (1.5)
w

is an integer for every field having finite Euclidean action. (The integrand in (1.4)
can be considered as the Jacobian of the map o of the z-plane into the two-
dimensional sphere S° so that g can be interpreted as the degree of this map.)

It follows from (1.4), (1.5) that

4 8 -
§=2Tq 2 [ (1) o . (1.6)
o f
We see therefore that the minimal value of § on the fields having topological
charge ¢ =0 is equal to (47/f)q; this value is achieved on the fields satisfying
dsw = 0. Hence the fleld

v(z)=Po(z)/P:(2), (1.7)

where Py(z), P,(z) are polynomials, is an instanton; the topological charge of the
instanton (1.7) is equal to the maximal degree of Py(z), P1(z). It is convenient to
write the general g-instanton solution (i.e., instanton having topological charge q)
in the form

(z—a1)..(z—a,)

v(iz)=c¢ .
(z—b1)...(z—-b,)

(1.8)
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(The instantons which cannot be represented in the form (1.8) are not essential
because the set of these instantons has zero measure.) The paper is organized as
follows.

In sect. 2 we review the renormalization procedure for the computation of the
quantum fluctuations of instantons.

In sect. 3 we derive the instanton contribution up to a constant multiplier. (The
constant multiplier will be calculated in appendix C.) We obtain the result that the
contribution of instantons in Euclidean Green functions can be written in the form

N d2€ q
_xa !vzj b —e,la.b) 2 -d2 _ 1.
Iq((b) K (CI) ¢(aa ’C)e 77(1+'C‘2)21:[d a] bls ( 9)
where
4 2 g 2, & 2
€q(a,b)= ‘_E log|a;—a;|"~ ¥ log|b;—b;["+¥ logla; — b;|" .
i<y i<j ij

The proof of (1.9) was sketched in [13].

The analysis of this answer will be performed in sect. 4. The expression (1.9) can
be interpreted as the energy of a system consisting of ¢ Coulomb particles at the
points a;, ..., a, and of ¢ Coulomb particles of opposite charge at points by, ..., b,.
In other words the one-instanton solution can be considered as a pair of Coulomb
particles of opposite charges and the g-instanton solution can be considered as ¢
such pairs. (These Coulomb particles can be called instanton quarks.) We see that
the study of the instanton contribution can be reduced to the study of the classical
Coulomb system (CCS). This system was considered in many papers [5-9]. Using
the results of these papers we find that the infrared troubles arising in the dilute
instanton gas approximation disappear by correct calculation of the instanton
contribution. There exists a phase transition in the CCS: this system is in the
plasma phase for high temperatures and in the molecular phase for low tempera-
tures. One can check that the temperature of the Coulomb system of instanton
quarks is high in this sense, i.e., the instantons break up into unbounded instanton
quarks. Therefore, the dilute instanton gas approximation cannot be reasonable in
our case (this approximation corresponds to the molecular phase).

We use the Coleman-Frohlich correspondence between the CCS, the massive
Thirring model (MTM) and the sine-Gordon model (SGM) to calculate completely
the instanton contribution in some Green functions of our theory. We find that
these functions decrease exponentially. To explain this result we must remember
that there exists Debye screening in the Coulomb plasma.

The instantons in a four-dimensional gauge theory in the group SU(2) are
similar in many ways to the instantons in the model under consideration. In the
gauge theory one can also define instanton quarks. Every instanton having topolo-
gical number 1 can be considered as two instanton quarks and every g-instanton
solution can be considered as g positive and g negative quarks. In the case when
the gauge group is SU(n) there exist n types of instanton quark and every g-
instanton solution consists of gn quarks (g quarks of each type). The SU(n) gauge
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theory is very similar to the two-dimensional theory with the non-linear fieids
taking values in (n — 1) dimensional complex projective space, CP(n — 1), having the
same structure of instanton quarks. The instanton contribution in the

CP(n —1) theory will be described in a forthcoming paper [14]. One can think that
general properties of the system of instanton quarks coincide with the properties of
the corresponding system in the case of o model.

In the appendices we prove some general results and use the ones in appendix C
to complete the calculation of instanton determinants. Namely, in appendix A we
analyse the connection between Pauli-Villars and proper time regularizations of
determinants and in appendix B we give a method for calculation of the deter-
minant if the eigenvalues and their degeneracies depend polynomially on the
number of eigenvalues.

2. Regularization of the instanton contribution

Let us use the steepest descent method for calculation of the functional integral
entering in (1.1). The contribution of the g-instanton solution in the numerator of
(1.1) will be denoted by J,(¢) so that the instanton contribution in (1.1) can be
represented as

@)=Y J,(0)) LT, (1). 2.1)

To avoid the infrared divergences we will suppose that the field ¢ (x, x1) is
defined on a sphere with the usual metric

Zur(x) =68, (1+(xT+x3)/4RH 2.

To return to the Euclidean metric we take R - 00 at the final step of the cal-
culation. We will always replace the field o” by the complex field (1.3). Using (1.6)
we represent the action of the field v(z)+ »(z), where v(z) is an instanton (1.7),
v(z) is a small variation of the instanton, in the form

47 8 -2 2 32
S=—q+—J.p [3zv]° d™x (2.2)
AR

(here po=1+|v[>, the higher-order terms are omitted). To work with non-singular
expressions we introduce the functions

p=polllz =8/,
I

s=2up '[l(z-5;).

i
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Then
47 2 ( - . 5
5=+ | Abaeds, 23)

where
A, = _gil/zpazpﬁzaip . (24)

The scalar product of variations »1, v, can be written in the form

2 J- p(;z (171V2+ vlﬁz)\/gdzx = %J (1/:11;2+ 1;115_2)\/§ dzx

3 —
= J Z 610'a620'“*/gd2x .
a=1

This scalar product is real so that A, acts in real Hilbert space. The g-instanton
contribution is given by
The g-instanton contribution is given by
4qr _ 2

56)= exp (~279) [ g10der™ (2a) duo, @.3)
where duo denotes the measure on the manifold of instantons induced by the
metric on this manifold. (We do not take into account the zero modes by definition
of the determinants.) Let us introduce the complex parameters ¢o=c, ¢1=
A1y ey Pq = gy Pq+1 = b1, ...y 924 = by on the manifold of instantons of the form
(1.8). Then the metric on this manifold can be written in the form

_of dV aw\ ~ _
y (I 4p02(——><—>\/ p dzx)éékégo,- =T Nedéido;, (2.6)
k.j dpr/ \og; k,j

where 8¢; denotes the variation of parameter ¢; The matrix Ny; can be interpreted
as the metric tensor on the manifold of instantons. Therefore we can write

duo=(q!) " det N [Td¢x, 2.7)
k
where d°¢ =3/ d¢ d@. The combinatorial factor (¢!)” is necessary to avoid double

counting. (The permutations of zeros ay, ..., a, and the permutations of poles
by, ..., by do not change the instanton (1.8).) We will prove a useful identity:

det N =2*"2c* 1] lax —al*|bx = ;1 [1 la; = b,u|* det M, (2.8)
k> Lm
where
My = J p 2% g dx. (2.9)

To verify (2.8) we note that the expression (8v/d¢:) [1; (2 —b,~)2 can be represented
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in the form Y3%o U,»kz". Using this representation we obtain N = U"MU and
hence det N =det M|det U|*. It is easy to check that det U =0 if ¢; = ¢;; 1<i,j<
24 (in this case two lines in U coincide up to sign). Noting that det U is a poly-
nomial of degree q(2¢q — 1) we obtain

det U=2"""¢*" 1] (ax —a,)(bx —b;) 1] (a1=bw) -
k>j ILm
This proves (2.8).
Expression (2.5) is formal because it contains an infinite-dimensional deter-
minant. To regularize this determinant we introduce a proper time cutoff. In other
words we define log det. A, as

e}

— 7)\."1[
zfens

€

where A; run over non-zero eigenvalues of A,. In other words

0

. dr
log det. A, =~ j (Spe A“—p)T, (2.10)

€

where p is the number of zero modes of A,, i.e., p =44 +2. The asymptotic of
Spexp (-t A,) for -0 can be calculated by the semiclassical method; we obtain

—tA

Spe e =~ayt ' +ag, (2.11)

where a; = R, ap=2q. Using (2.11) we get that the divergent part of log det, A,
for € >0 is equal to
1

ale_1+(a0—p) loge =R%" —{(2g+2)loge.

It is convenient to replace J,(¢) by

_ J.(@)
L(¢)= AxV det.V*((2/m)A)’

where V =47R? is the area of the sphere, Ao denotes the operator A, for the
trivial instanton v = 0. (One can show that the denominator of this expression is
equal to Jo(1)). By calculation of I,(¢) the linear divergent terms in log det. A, and
log det. Aq cancel. Using this usual one-loop renormalization of coupling constant
we find that logarithmic divergences in I,(¢) cancel too. (The analogous renor-
malization procedure in the Yang-Mills case is described in detail in [3]).

The regularized determinant det’ A, of A, will be defined by the formula

logdet’ A, = lim (logdet. A, —aie ' —ay). (2.12)



V.A. Fateev et al. /| Quantum fluctuations 7

In other words log det’ A, is the finite part of log det. A,. We see that after remov-
ing of the cutoff ,(¢) can be represented through the regularized determinants:

L@ =W [ 6w du, 2.13)
where

du = (det’ Ao/det’ A,)* duo,

W= kOf;}?ys €xXp (_47T/fphys)V2 . (2.14)

v is the subtraction point, f,nys is the physical coupling constant and k¢ is a
constant, depending of the cutoff method.

3. Calculation of determinants

In this section we study the dependence of det' A, on instanton parameters. It
follows from (2.10) that

oo

8logdet, A, = J Sp (8 A, e ") dr, (3.1)

€

where
88,=p '8p Ay +Aup ' 8p—2pd.p 8pd:p.

Noting that «; and a¢ do not depend on instanton parameters, we obtain from
(2.12) and (3.1)

8logdet' A, = j Sp(6 A, e ) de
0

Let us define the operator Bu by the formula
Av _ _p—lazng—1/282p~1 .
It is evident that
Aw to0=p""0zp &,

and therefore
Slogdet' A, =2 J Spp '8p(A, e P-4, e 3) ds

a - _ %
=—2J’§Spp e ™ —e ) dr. (3.2)
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To calculate the integral in (3.2) we must study the behaviour of the integrand for
t-0 and for 1> 00. For t >0

Vg 1 o Vg 1
z)=—‘gt_1+——l 20l + ——ﬁt_1+——au6ulogp+...

(z]le™® S
47 87 (1+|v]) 47 27

X Vv 1 1
Zle by =81 ( -— )

< ’ l ) 477't 271'6“8“ Ing 477_ logg £
where the omitted terms tend to zero. (These formulae can be obtained by semi-
classical methods or by means of the results of [2]). The asymptotics for ¢ - oo are
governed by zero modes o, ..., ¥14+1 of A,. (The operator A, has no zero modes).
We get

dlogdet' A, =A,+A,, (3.3)
where
1 2. 1 2
Ai1=—56logpo,o,logpdx—— 8(logp)d,.a, loggdx
i 47

+l§ (8 log p)a,. log p —log po,blogp)do,=B1+B,+B;, (3.4)
m

Ay=-2 j p 'opm(x) dx,

m(x) =L di(0i(x), (3.5)

(we assume that (¢;, ;) = 5;) .

The last integral in formula (3.4) is taken over an infinitely large circle. It can be
easily calculated. We obtain

By=4q(1+c[’) " 8lcf*.
The second term in formula (3.4) can be calculated in the limit R - o0:
By=4(1+lc[)7'slc).

The first term in (3.4) can be represented in the following form.

1 1
B, =—6J log pod,.d, logp d*x +—8 Y, J log |z — bi|*0,.9,, log p d°x
m w k
1 3,0 8
=—5Ilog(1+|u]2) 0-0] 53i dz dz+—J'):(auau log |z — bi[*) log p d°x
T (1 ml) %

+[ol*)

1
+;5 % § (8, log p) log |z — b |* —log pa,, log |z — b [*) do,, . (3.6
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The variation of the first integral vanishes because this integral is equal to the
topological number:

1)( 2 o0l qI , d

— | log(1+ —————=3idzdz=— | log(1+ ——s— .

P g( !U| )(1+IU|2)221 Zdaz . g( [Ul )(1+Iv|2)2

The factor g arises because the point in z plane has in general g inverse images in
V plane. To find the second term in (3.6) we have to take into account the fact
that 9,,0,. log (x —a)*=475(x —a). The last term in (3.6) can be easily calculated.
Thus we obtain

B, =45(YloglcP Tlla,— bl ) ~4q(1-+1c) 6lef,
k i
and hence

Ai=45log (n |a; —bk|2> +4(1+]c)P)7"8lcl +4qlc| 28 el . (3.7)
ik

Let us calculate A,. It is convenient to choose the standard basis of zero modes of

Av in the form yx =p 'z*?if k is even, xx =ip 'z* V% if k is odd. This system

of zero modes is not orthonormal and therefore the expression of A, through y.
takes the form

Ar,=-2 J. p‘35p,\7,»xk\/§d2x rei =Sp Srr =5 log det r, (3.8)

where
N = I p ZoaVgdx, (3.9)

the matrix (rfl)k,- is inverse to (3.9). It is easy to check that
detr = (det M)?,

where the matrix M is defined by (2.9). Combining (3.3) and (3.8) we see that the
formula (3.7) represents the variation of the expression log det' A, —2 log det M. It
is easy now to obtain from (2.7), (2.8), (2.14) and (3.7) the following expression for
du:

d’c s 2
Wl—ld a,-d b,-.
j
(3.10)

The constant factor K, is undetermined. In the case when, for each j, |a; — b;| «

la;l, |5;], the instanton solution can be considered as a superposition of distant

instantons with topological number 1. In this case expression (3.10) can be

represented as a product of factors corresponding to one-instanton solutions:
d’c

m(1+le[)*

du =Ko(q)™ 11 lax=a;llbe =6 [T lai=bnl™
> L1

du ~K, (q!)‘z(n la;— b;| 7% d’a; dzbj)
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It is natural to think that the constant factor breaks up into product of one-
instanton factors:

K,=L" (3.11)

where L =K. Eq. (3.11) will be proved in appendix C. The value of K can be
obtained from the study of one-instanton contribution [15].

4. Analysis of the instanton contribution

In this section we will study the sum of instanton contributions in Green
functions.

Taking into account the instantons having arbitrary topological number we
obtain from the results of sect. 3 the following answer for the Green functions in
the steepest descent approximation:

q 2
) J Y(a, b, C)K_z exp (—€4(a, b))—'—d—CTEHdzai d’b,
_q (q!) a(1+|c])
I{¢)= K , 4.1)
Y J’ —— exp (—e,(a, b)) [1d%a; d°8;
q (q!) i

where (a, b, ¢)=(aq, ..., an; by, ..., b,; ¢), a,, by, ¢ are two-dimensional vectors (or
complex numbers), K = LW

q q q
€a(a,b)=— X logla,~a;'~ ¥, log|bi—b;*+Y logla; b,
i<j i<j i
WY(a, b, c) = ¢(w), where w is given by (1.8) and W is given by (2.14) .
It is easy to see that the denominator Z;, in (4.1) can be expressed through the

partition function Z of the two-dimensional neutral classical Coulomb system (CCS)
in the grand canonical ensemble:

— Kq 1 2 2
:=§W exp(—?eq(a,b))nd a; d°b;. (4.2)
: i
Namely, if T =1, then
Zinst = E . (43)

The constant K plays the role of fugacity of the Coulomb system. The expression
(4.1) coincides with the correlation function of the CCS

T, K@) [ ela, b) exp (=(1/ T)eq(a, b)) [1,d” 4’8
Y, (K@) fexp (—(1/ Tegla, b)) [1,d°a; d°;

4.4)
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Let us consider, for example, the instanton contribution G'™*(

function

G(x,y)=(Alogw(x), Alog|w(y)l),

x, y) in the Green

corresponding to the functional ¢(w)=Alog|w(x)|Alog|w{y)|. It is easy to see that
ela, by=yla, b,c)=px)p(y),

where p(x)=27(}, 5(x —a;)— 8(x — b;)). One can interpret p(x) as the charge
density, we see that

G™(x, y) = (Alog |w(x)], Alog [w(¥)inst = (0(x), p(y))ccs - (4.5)

In a similar way one can assert that the instanton contribution in the Green
function corresponding to the functional

d(w)=Alog|w(xy)| ... Alog|w(x,)]
is given by the formula
GinnSl(xl, e X)) ={p(x1), ..., p(Xn))ccs -

We see that the instantons are closely related with the classical Coulomb system for
T =1, this Coulomb system will be called a system of instanton quarks. It is well-
known that ultraviolet divergences occur in the CCS, if the temperature T satisfies
T < 1. We see that there exist ultraviolet divergences in our case and therefore
we will make the ultraviolet cutoff. (One can consider, for example, the lattice
Coulomb system or Coulomb particles with cores). In more complicated models
such as the CP(n — 1) theory and gauge theories, ultraviolet troubles do not occur.
Of course, in the calculation of (4.2) and (4.4) we must first consider the
Coulomb system in a box (i.e., make the spatial cutoff). If the size L of the box
tends to infinity, then there exists a limit of the pressure p = (1/L*)T log E. An
analogous statement is correct for the correlation functions of the CCS. These
assertions cannot be deduced from general results of statistical mechanics because the
Coulomb potential is extremely long range. However, one can give an independent
proof of these assertions in the Coulomb case (see [5] for instance). The existence
of the limits for L -»co denotes that infrared divergences do not occur in our prob-
lem. It is well-known that there exists a phase transition in the CCS [6-9]. This
system is in the plasma phase for 7> T, and in the molecular phase for T < T,.
In the molecular phase the Coulomb particles form dipoles; in other words only the
configurations ay, ..., a,; by, ..., b, satisfying

la;—b;|<|a; - a] (4.6)

are essential. The temperature of the Coulomb gas of instanton quarks is higher
than T, and therefore this gas is in the plasma phase. (The calculations of [7-9]
show that Tc,z%, hence T, <1). As we mentioned above, the configurations

satisfying (4.6) (dipole configurations) correspond to distant instantons. (One can
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interpret 3(a; + b;) as the position of ith instanton and 3|a; — b, as the size of this
instanton). The dilute instanton gas approximation can be obtained if we take into
account in (4.1) only configurations satisfying (4.6). This approximation is not
reasonable in our problem because the gas of instanton quarks is in the plasma
phase. Notice that in the dilute instanton gas approximation infrared divergences
occur, however, as we have mentioned above, these divergences disappear in the
exact solution,

Let us study the instanton contribution in certain Green functions. We assume in
our calculations that the ultraviolet cutoff is removed and the standard renor-
malization procedure is performed. It is convenient to use the Coleman-Frohlich
correspondence between the CCS, massive Thirring model (MTM) and sine-Gordon
model (SGM) [4, 5].

This correspondence takes place when the inverse temperature 1/7T of the CCS,
the constant 8 in the SGM:

F=300,0)"+M?*cos Bo, (4.7)
and the constant g in the MTM:

&L= id v+ mil + gy )y y), (4.8)
are connected by

1.8 1
T 47 l1+g/7

Inourcase T=1; 8= W g =0 and we see that the Coulomb system of instanton
quarks is equivalent to free fermions.

The complete instanton contribution in the partition function can be represented
as the vacuum energy functional of the free Dirac field (FDF):

Zinst= J I dip(x) dyr(x) exp (J (Y08, + M) d2x) : (4.9)

It is interesting to note that the mass of the Dirac field which will play the role
of the inverse correlation radius in our system, m = c(u/fohys) e 2™/ fonss (here ¢ is
an inessential constant), is connected with f,nys by the usual formula of the renor-
malization group.

Now we can compute the instanton contribution (4.1) to the Green function
(4.5)

G™(x, y) = (Alog|w(x)|, Alog |w(y)ins: = (p(x), p(¥)ccs -

To compute this function it is convenient to have an expression for the generating
functional of the charge density of the Coulomb plasma. This expression can be
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obtained in the standard way using (CCS) 2 (SGM)

< (i/Jw)jn(x;p(x)dx>
CcCs

Z (Kq/(q )Ie € lab) IZ 2V (nla)— n(b))nl b,-
Z Kq/ J‘e—e ub)Hd

= J‘ [Tde(x) exp[—[[%(auqo)z-kMz cos 2\/77(¢> +m)]d°x]

=Jnd¢ Jexp =] 30, (0 — )2 + M2 cos 24me] d2x]. (4.10)

From (4.10) we get

<\/ Alog |w(x)], —AlogIW(y)l>‘ =(Ap(x), Ap(y))sc+AS(x—y), (4.11)
ar T inst

and using the relation

1 _ _
<\/—;a \/W yqo(y)> . = €abus Yy U (%), UYPU(y)epF (4.12)

we can compute this function exactly:

. &k e [ ¥
Gmst(x,y)zj.z_ezk(x y)mz - 21

og
T k“+m

{ k +m§+\/7€—2}
Nprep)

It may be interesting to express the sum of instanton contributions in some
correlation functions of the o mode! through the Green functions of the free Dirac
field. To do it we can use the Euclidean version of Mandelstam’s representation of
the Fermi field in the MTM through the SG field [10]. These formulae were
obtained in [11], and have a form

l//l(X): C evf dxuém,r?,,qc+lB<a(x)7 4!/2()‘): (-i)C ev[ dx,e€, .8, 0—iBe(x)

w;(x) — C e—y[ dx“euy(?_,qo iBelx) (!/2+ (x) — (l)C e*y[ dxuem,avwﬂ—i&p(x)

s

(4.13)

>

(4.14)

Here C is an inessential renormalization constant,
2=77_1+g/27-r Bzzﬂl—g/21r
YT e2m 1+g/27"
In our case y=8= V. Using (4.11) and the Cauchy-Riemann equation,

€,,0, log|w(z)|=4, argw,
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we can obtain:
(w(x), w5 dinst = (exp [log |w(x)| +i arg w(x)] exp [ — log [w(y)|—i arg w(y) Dinst

— <¢’T (x)’ wl(y»m
<¢T(x), 1(y)o .

Here (¢1 (x), ¥1(y))m denotes the Green function of the free Dirac field with mass
m and (¢1 (x), ¥1(y))o the Green function of the massless Dirac field.

The Green functions (4.13), (4.15) decrease exponentially if m|x —y|» 1 and we
see that m plays the role of the correlation length in our o model.

We do not study the instanton-anti-instanton contributions and ¢-vacuum prob-
lem here. We plan to return to these problems in our next paper.

We are grateful to A.G. Aronov, A.A. Belavin, F.A. Berezin, E.B. Bogomolny,
V.N. Gribov, A.A. Migdal, A.M. Polyakov and Yu.S. Tyupkin for many fruitful
discussions.

Appendix A

In this appendix we will establish the connection between Pauli—Villars
regularization and proper time regularization of determinants.
Let A be a non-negative elliptic operator on a compact manifold. Then for 1= 0,

Spexp(—tA)= Y axt “+0(:%),
k=0
and for r >
Spexp(—tA)=p+ o™

(here k run over a finite set of non-negative numbers, p denotes the number of
zero modes of A). Therefore we can represent Sp exp (—¢A) in the form

T =p+ Y awt K+ (ao-p)0(1-1)+alr), (A1)

k>0

Spe

where a(2) = O(t°) for t-0, (t)=O(t>), for t >0, 8;>0, §>0. If we use the
proper time regularization of A (see sect. 2) then
logdet' A=~ J lo(r) dr. (A.2)
4]

Let us take coeflicients ¢; and masses M, j =0, 1, ..., { satisfying the conditions
My=0, M;>0© for j>0; co=1;Y,;¢;=0; Z,-C,M,gp =0forp=1,2,.., 1 (Here /
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denotes the largest integer, such that there exists £ in (A.1) satisfying k </, i.e.,
| =[kmax).) The Pauli-Villars cutoff of the determinant is defined by the formula

0

EFVER _ d

log detpy A = — J Yeie Mif(Spe 'A—p)Tt. (A.3)
i

0

In terms of eigenvalues A; of operator A this expression can be represented in the

form

zrdt
) c,-ef“'*M')—:Z y c,log()\,-+Mf). (A.4)
i A#0

log detpy A = — J

0

j Ai#0

These expressions are convergent due to the conditions imposed on ¢; and M,.
The connection between the Pauli-Villars cutoff and proper time regularization

of the determinant is given by the formula

logdet' A=logdetoy A— ¥ (-1)k%zc,M%klogM,?
L

k=(k]>0

-3 akZCM, (ap=p) ¥ C,IOgM +y(ag—-p)+OM 20y
k#[k] i®0
(A.5)

where y= —1"(1)=0.5772 is Euler’s constant. The proof of (A.5) is based on the

formulae
(_1)k+1
© Y YeMFlogM;,  ifk=[k]>0
o
Jt k_1Zc,-e Midr =
j
’ ~I(=k) Y M, if k # k],
i
1 1 fes] ¢
2 ) . dr _,dl _y g2\ dt _
J.Zc,«e—'M"d—t:J'(l—e )——je —+J.(e + 3 ce M'>—+O(M,2)
j t t t i#0 t
0] 0 1 0

=y- ) CfIOgM?,

j=0

*th ([) (M;ZS).

OQ‘R
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We can also compare the regularizations considered above with the zeta-function
regularization defined as

d
lOg detgA = _—{(S)IS:O 3
ds

where
_L s—1 —tA _
{(S)—F(S) J 7 (Spe p)dt.

0
There exists the following equality [3]:
log det’ A =logdet; A+ y(ao—p). (A.6)

Appendix B

We will now calculate the regularized determinant of operator A having eigen-
values A, = (v +a)(v + b) with multiplicities d, = cv +£. It is convenient to use the
notations a = ag+a; b =bo+ B where 0<a, B=<1; ap and b, are integer. Then we
will show that

logdet A=Z(a, b, ¢,f)=—y3fla+b—2a0+c{r(~1,a)—cl{k(-1,B)

(f-ca)ul0, @)= (f=cb)'(0, B)— " 3 (cv+f—cbo)log (v +B)

v=0

+icb—a). (B.1)

It will be convenient to use the Pauli-Villars cutoff and the formula (A.5)
connecting log detpy A and log det’ A.
Taking formula (A.4) we will sum over all A, with v <A —a, where A is a big
integer number. It can be shown that the tail is O(A™'). Thus we can write
A—ay

logdetey A=Y ¢; ¥ (cv+flog((v+a)w+b)+M;)+O(A™")

=Y ¢D;+O(A™). (B.2)

First we will calculate D;. It is convenient to use the variables t=5b—ao=1+g;
g =f—aoc. Then

A
Dy= Y (cv+g)logv+a)v+i)= cA? log A

v=0

+c+2g)Alog A—3cA*—(2g—cla+N))A
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+GeG—a =) +g(l+a+0)log A
—c{r(—1,a)—c{r(-1,B) (g —ca){r (0, a)— (g —ct){r (0, B)

ty—1
+ac(a’ Yo+ Ft+3) = Y (cv+g—cto)log (v +B).
v=0

We have used the formula

(A+a)1_s

(v+a) =————+3A+a) " +{r(s, a)
0 1-s

i1

v

Y (L1 By _ 1-2k—s
k;( 1) (Zk)!s(s+1)...(s+2k a)(A+2) ,

where [r(s, «) is the generalized Riemann zeta-function

{ris, a)= DZ; (v+a)’,

and By are Bernoulli numbers defined by the formula

k

Y _qyloq_1 _OO 1k X
x(e"—-1) 1-3x kgl( 1) Bk(zk)!,

1 __L
Bi=% B2=135,....

To calculate the terms D; with j =1 we use the Euler-Maclauren formula
A

A e k A
Y F(y)=JF(x)dH[%F(x)_k;l(—l)k Bi d—F(x)J : (B.3)

vpr1 (2k)! dx*

P

Let us take p= -1,

Fv)=(cv+g)log (v+a)v+0+M7),
so that

A
;()F(V):D]‘.

Then we obtain

A

j Flx)dx =cA’log A—2gAlog A—3cA”=2(g —3¢(t+a))A

-1

+(eM? —Jc@®+2)+gla+0)log A—3cM; log M} +(g—3c(t+a))mM;
—GeQ-a’—)+gla+i—2)log M;+5(t+a)*+O(A™ ) +O(M?),
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SE())Y =cAlog A+glog A+3c(r+a)+(c—g) log M;+O(A™ ) +OM; 1),
SF (Y =scllog (A/M)+ 1)+ OA H+OWM ).
All other terms in the expansion (B.3) are negligible in our case. Thus we can
obtain D;. The sum over j in (B.2) can be easily taken and we obtain the formula
(B.1).

This method can be applied in more general cases when the eigenvalues and
their multiplicities are polynomial in ».

Appendix C

We will obtain here the undetermined factor before expression (3.10). The result
is

K,=L% L=2°¢"77. (C.1)
To obtain (C.1) it is convenient to consider the instanton
z7-1
vo= m . (C2)

This is the solution (1.8) with the parameters

c=1, a; = exp (2mji), by =exp (2j+ Vi) .
We will calculate the value

Q=det' A, /det' Ap,

where A, is the operator (2.4) with v, given by (C.2).
We introduce new variables n = (1+|v|”) !, « = arg z. Using these variables we
can write
B, =0(2)g”’T, Bo=0(2)g T,
where o(z) = (1+|z]*9)%4q%|z 4!
action);

(this value coincides with the density of the

1
T=-n "2, (1=n)om ' +—8a ——5———0%
K " i A1)

) 1
To=-3nn(1—n)8n—mai. (C.3)

We shall first calculate the value
Ol = det/ T/det’ T() -

The connection of Q, with Q will be established at the end of this section. We will
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prove the formula
Flog Q1= —qy+2log (M@ (2q)g > ) +2(g- 1) log =
—(2qg+1)log3+4g—-log2. (C.4)

First we find the eigenvalues of operators T and Tj. Let us seek the eigenfunctions
&, Yo of these operators in the form

v=e"n°(1-n)%p(n),
vo=e"""n>(1-1)%pu(n),

where m, mq are integer and the coefficients 8, 8, By, 8, must be found from the
regularity condition. We obtain

_m :]m+2] Bo=5o=l“m—0|-

3_537 2q ’ 2q

We see that the eigenvalues satisfy the following equations of hypergeometrical
type
1(1=m)éne +(26-2(8+8+1)m)d,e —(B+8) +B+5-1-A)¢ =0,
1(1=m)d5¢0+ (14280~ (4Bo+2)m)ae —(485+280~1")e = 0.
Therefore the eigenvalues are given by the formulae
Mo =ioliot 1), A=j(i+1)-2,
where jo=2B0+#, j=B+8+n and n is a non-negative integer number. Each j(j,)
can be represented in the form

r
j(j0)=u+;, r=0,1,..,g-1, »=0,1,...

It is easy to obtain the multiplicity d; of each eigenvalue
r#0:d) =4(v+1), di=4w,
r=0:dy =2Qv+1), d;=2Qv+2q-1).
The determinants of T and T, can now be calculated by means of the results of
appendix B. We obtain
q-1 r r
logdet T=22(-1,2,2,29-1)+2 ¥, Z<—1+—,2+~,2, O) ,
r=1 q q

q—1
logdet’ To=22(0,1,2,1)+2 ¥ 2(1,1+1,2,2>,
1 \g’ g

r=

where the function Z is given by the formula (B.1). Now it is easy to obtain
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formula (C.4) using the equalities [12]
{r(0,)=logI'(e)~3log 27,

m—1
1 F(z +i)=(2w)""*“/2m“2"”r(zm), m=2.3.4, ...
m

r=0
There remains the only problem of connection of Q; with Q. To find this connec-
tion we introduce the operators T'(s)=x(z, s)T and Ty(s) = x(z, s)T,, where
x(z,5)=s+(s~1)g "?0(z),0<s=<1. It is evident that T(0)=T, To(0)= To;
T(1)=A,,, To(1)=Aq. Using the methods of the sect. 3 we can find the depen-
dence of the expression det T'(s)/det’ Ty(s) on s and hence establish the connection
of Q; with Q. We obtain
ﬂ/gM: e POT? det M, ’

© |4 Vi

where
det My =det ([ op 2%z dPx)=7*17'27137297 14 432 (122g)
Vi=|od’x=4nq,

(C.5)

1 _
P=4——Jlog(ag Vg d®x = —2q+2qlog2q, if R>00.
o

Combining formulae (2.7), (2.8), (2.14), (C.4), (C.5) we obtain
du(we) =22 e 2 1 |ax—a;*|be = b;]° T1 161 — am|* [1 d%a; d°; d*c.
k>j j

Lm
To compare this expression with (3.10) we have to note that for instanton (C.2)
1+ lc|2 =2; [1., (@i — b;)=2% Thus we obtain the value of the constant (C.1).

References

[1] A.A. Belavin and A.M. Polyakov, ZhETF Pisma 22 (1975) 503.

[2] R. Seeley, Proc. Symp. Pure Math. 10 (1971) 288.

[3] A.S. Schwarz, Comm. Math. Phys. 64 (1979) 233.

[4] S. Coleman, Phys. Rev. D11 (1975) 2088.

[5]1°J. Frohlich, Comm. Math. Phys. 47 (1976) 233.

[6] V.L. Berezinskii, ZhETF (USSR) 61 (1971) 1144.

[7] LM. Kosterlitz and D.I. Thouless, J. Phys. C6 (1973) 1181.

[8] I.M. Kosterlitz, J. Phys. C 7 (1974) 1046.

[9] A. Luther and D.J. Scalapino, Phys. Rev. B16 (1977) 1153.
[10] S. Mandelstam, Phys. Rev. D11 (1975) 3026.
[11] A.B. Zamolodchikov, ITEP preprint 91 (1976).
[12] Bateman Manuscript Project, ed. A. Erdelyi (McGraw-Hill, New York, 1953).
[13] L.V. Frolov, A.S. Schwarz, ZhETF Pisma 28 (1978) 273.
[14] V.A. Fateev, L.V, Frolov, A.S. Schwarz, Yad. Phys. 8 (1979), to be published.
[15]1 A. Jevicki, Nucl. Phys. B127 (1977) 125;

D. Forster, Nucl. Phys. B130 (1977) 38.



