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Lecture 1: Classical field theory, Noether theorem, 7}, scaling and conformal invariances

Consider classical field theory in R given by the action
S = / L(®(z),0,9(z))d . (1)
RD

For simplicity we consider here the case of one bosonic field ®(x), but it can be a collection of fields, can
carry representation indices etc. The function £(®(x), d,P(x)) is called the Lagrangian density. There
are two conditions, which we require. First, is the locality: £(®(x),0,P(x)) should contain interactions
only in the same point, that is we forbid terms in the Lagrangian of the form ®(x)®(x + a) etc. Second,
we assume that the Langrangian does not include higher derivatives. This is what in principle can be
violated, but we will not do it.

Having defined an action, one obtains equations of motion from the least action principle 6.5 = 0.
They are (for simplicity ® here is just one scalar field)

(o or 5 oc ac \

The main task of the classical field theory is to solve equations of motion subject to certain boundary
conditions, initial data etc.

Special role is played by the Integrals of Motion and conservation laws. Their existence is related to
the Noether theorem, the relation between symmetries and conservation laws, which we briefly review
now. Suppose our theory has a family of continuous transformations

o(x) — i)(:c) = F(x, ®(x)),

such that the action does not change S[®(z)] = S[®(z)]. For example, consider F(z, ®(x)) = ®(x+a).
This is a continuous transformation corresponding to the translation x — x+a. It is continuous because
the vector a varies. It can be taken arbitrary small, in this case the transformation F will be in the
vicinity of the identity transformation. Since our action is an integral over entire the space RP and the
Lagrangian £(®(x), 0,P(x)) does not depend explicitly on coordinates, which we assume, the action is
invariant.

Another example: F(x, ®(x)) = ®(Ax), where A € SO(D), corresponds to rotations (Lorentz
transformation). The action is invariant if the derivatives enter the action in SO(D) invariant way. The
most general invariant Lagrangian of one bosonic field with at most two derivatives is

L= (9,8) + V(d), (3)

where V' is an arbitrary functions.
Another important example of the symmetry involves only transformation of the fields. For example,
consider complex scalar field
X =®; + 1Dy,

with the Lagrangian

1
L= 50X, X"+ V(IXP) = 5 ((0:21)" + (9,22)°) +V (03 + 03).

N —
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This action is manifestly invariant under arbitrary U(1) rotation
X =X, X*—e X"

again a continuous symmetry.
Given a symmetry, one derives Noether current. Suppose that our theory admits a family of trans-
formations indexed by a continuous parameter €

o(x) — <i>(a:) = F(z,®(x)) = &(x) + ef(a:, (ID(a:)) + O(€%),

such that the action does not change S[®(z)] = S[®(z)]. Consider the following infinitesimal transfor-
mation
®(x) = P(xz) + e(x) f(z, D(z)) + O(€?)

where, what is important, €(x) depends on a position . Then the corresponding variation of the action
S takes the form (here we assume that the action contains at most first derivatives)

5S = / (e(w)J(w) + 0,e() Ku(w)>dDa:,

with some J(x) and K, (x). By assumption, §S = 0 for constant e. This is possible if (we assume no
boundary issues here)
J(x) = 0, Ju(),

and hence
58 = / (Ku(ac) - Ju(m)>ﬁue(w)dDac — / 9, (Ku(w) - Ju(m))e(m)dl)w.

What we just made is an arbitrary variation of the action. It should vanish ”on-shell”, i.e. provided
that classical equations of motion (2]) are satisfied. But the function e() is arbitrary. This implies that
Ju(x) = K,(x) — J,(x) satisfies the continuity equation

0,ju(®) = 9, (K, () — Ju(2)) "2 0. (4)

The current j, is usually referred as Noether current.
The continuity equation () then implies the conservation law. Namely, by Stokes theorem we have

]{ Julx)do, :/ auju(w)dD:I: =0,
oM M

for any closed “surface” OM. In particular, if we take M to be very large cylinder between the two
time slices x1 = t; and z1 = ty, we ge

Qtl :th, where Qt:/jl(af:)dD_lm .

t

Among other Noether currents, the one, called the stress-energy tensor, will be primarily important
for us. It is conserved due to invariance of the action under translations. Consider variation of the

'We note that the choice of the time slice is not canonically defined.
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action (I) under arbitrary coordinate transformations @ — @ + €(x). In other words, we compute the
response of the action (IJ) to the substitution ®(x) = ®(x + €(x)) = ®(x) + €,(x)0,P(x) +

Ye Ye oL
— =9, X | dP
5.5 /RD [e,,(aq)a,, + o )+0M6V8(8 50 }d (5)

First term in (Bl) equals to €,0,(6,, L) as a reflection of the fact that the action does not depend on x
explicitly and hence for constant ¢, the variation should vanish. After integrating by parts we get

_ oL D, def D D
0eS = /RD Oy (8(8 (I))@ b — 5,“,5) d”x / oue, T d"x = /RD €01, d" . (6)

On shell the variation (@]) should vanish. Since the function €,(x) is arbitrary it implies the continuity
condition for 7},
0,1, =0,

and hence conservation of the energy and momentum

Edef/Tlle Pdef/Tthl i1

Derivation given above leads to the definition of the stress-energy tensor as a response to the in-
finitesimal coordinate change
0eS = | e, Tud (7)
RD
However, in some cases this derivation requires extra care. In fact T}, is not canonically defined by ()
as this definition contains intrinsic ambiguity. Indeed, in our example with one bosonic field one can
change the transformation rules ®(x) — ®(x) + €,(x)9,P(x) + ... to the more general ones

P(x) = P(x) + €,(x)0,P(x) + Ope, ()X, [D(x)] + . ..

where ¥, [®(x)] are some functions of ®(x) and ... may contain higher derivatives of e(x). The
stress-energy tensor changes as

oL oc oL

We note that the additional term in () is proportional to equations of motion and hence both tensors
coincide on-shell. The stress-energy tensor without additional terms, i.e. given by

oL
T = gy ® ~ ok

is known as canonical stress-energy tensor.

In SO(D) invariant FT involving only scalar fields the canonical stress-energy tensor always comes
out to be symmetric 7}, = T,,. For example for the theory with multicomponent bosonic field ® =
(®1,...,P,)

L- %(Qﬂ) L0,®) + V(®),



the stress-energy tensor has manifestly symmetric form
T =(0,®-0,8)—6,L.

In general this is not the case, but in SO(D) invariant theories 7}, can always be made symmetric. It

can be seen as follows. Consider €, = w, ), where w,,, = —w,,, then from () we have
1
5.5 = 3 /D [8,@,4 (@rTy — 2, T)n) — Wi (T/w — T,,u)} dPx. (9)
R

For constant w,,, this variation should vanish for rotationally invariant theories, which implies

T/J,l/ - Tu,u = 8)\.]0)\;11/7 f)\;w = _f)\uu-

Now we define the modified tensor

~  def 1
T,uu = T/J,l/ - a)\B)\;w where B)\,ul/ = 5 (f)\;w - f,u)\u - fl/)\u)- (10)
We note that the tensor By, is antisymmetric in first two indexes By, = —B,,, which implies
aua)\B)\/W =0.

At the same time, we have
B)\uu - B)\Vu = f)\/un

and hence the modified stress-energy tensor ([I0) is symmetric

T = Typ

This tensor is known as Belinfante tensor. Integrating by parts () one finds conservation of the angular

momentum current
def

8“ (S(Z,,Tu)\ - LL’)\TH,, + f)\uy) = 8# (LL’VT#)\ - SL’)\ij) = 0.
These difficulties can be overcome by adopting an alternative point of view and notice that the
change of fields ®(x) — ®(x + €(x)) can be supplemented by the change of coordinates y = x + €(x)
orx =y — €(y) + ..., such that the fields do not change, but we have to replace (infinitesimally)

0 0
= = (O + Ouéy)

D a—yﬂ’ dDw = (]. — 0,,6,,)dDy.

Of course this variation leads to the same conclusion (6) with points redefinition & — y. We note that
the transformation & — @ + € induces the following variation of the metric

Guv = Guv + 5g/wa 5g/w = _(aueu + aueu)-

So, we come to an idea to define the stress-energy tensor as a response to the infinitesimal variation of the
background metric. Namely, we assume that the action (I]) admits a covariant extension S|®] — S[®, g].
Then we define the stress-energy tensor as the flat space limit of gravitational stress-energy tensor

Tw =T}, , (11)

v —>6pv



defined by
0S = %/\/ﬁTgyég“”dD:c.

Equivalently the definition (II]) can be written as

2 0S8
TMV - (— )
VG ogH
From this definition it is clear that T}, = T,,.

Note, that in the flat space the definition ([ITI) is still ambiguous, as one can add terms to the action,
which vanish at ¢, — 0,,,. For example, one can add the so called dilaton term

v —>6pv

/W(@)R\@ dPx, (12)

where R is the scalar curvature and W (®) is arbitrary dilaton potential. This term disappears in the
flat space, however it affects the form of 7},,. The variation of the dilaton term has the form

5/W[<I>]R\/§dDw = 6/W[<I>]Rw,g””\/§dDa: = /W[@]aRWgW\/gd%+... (13)
where terms shown by ... do not contribute to 7}, at g,, — J,,. Using
SRuwg" =V ,V,00" — V*(g,u09"")
and integrating by parts in (I3]), we find that dilaton term modifies 7, as follows
Ty = T + 2 (8,,0° — 0,0,) W[®]

The most general term, which can be added to the action, and which gives a non-vanishing contri-

bution to T},, in the limit g,, — 0,,, but vanishes in this limit, is

/ RYPY (@) /g dP (14)

where RF?"? is the Riemann tensor for the background metric and Y},,,,(®) is some local tensor field
which is antisymmetric in (uo) and in (vp), but symmetric with respect to exchange of these pairs.
This term gives the following contribution to the stress-energy tensor

Ty = Ty +2050,Y00p-

The theory in which the terms like (I4]) and similar are absent called minimal covariant extension.
Consider electrodynamics

1
S=1 / FrdPz,  F,, =0,A, —0,A,

e Find canonical stress-energy tensor (i.e. pretending that A,’s are scalars).
e Find modified stress-energy tensor (i.e. treat A,dxz" as the one-form)

e Find gravitational stress-energy tensor

discuss the results.



Solution. According to general formula the canonical stress-energy tensor has the form

Y.
TUV = mayfl)\ — 6;“/;6 == FM)\aVA)\ - 6ul/£‘

This tensor is not symmetric and does not satisfy the condition
T/jl/ o TVCM = 8)\f)\pu
required for SO(D) invariance. In order to fix this issue, we consider more general transformation
Ay — Ay + e,ﬁMAA + 8M6VZAW.

It leads to the following modification of T},

. n . oL oL .
TW - TW N TW " <(9—/h ~ 0 (M)) v = Tuv — OpFox X

The correct form of ¥y, is obtained from the transformation
Ay(x) = Ax(x +€) + Ap(x + €)0rxe, = Xpuw = 0\ AL.

Thus we obtain
T;Izlx = T/jy - 8)\F>\;LAV = F,u)\&/A)\ - a)\F)\“A,, — (Sw,ﬁ,

and hence for the antisymmetric part we have

TEII/ - T;Z = F,u)\auA)\ - FV)\a,uA)\ _Sa)\F)\,uAu - a)\F)\uA,uZ: %_%—i_ 8)\ (F)\VA,u - F)\,uAu)

g

OA(FAuAu*FAuAu)*FA;LOAAquFAuf’AAM

So, we find that

f)\/u/ = F)\VAM - F)\MAV = B)\;u/ = (.f)\uu - quV - fl/)\u) = F/J)\AI/

N | —

Then the corrected stress-energy tensor has the form

Tul/ = T;; - a)\BAuV = u)\FI/)\ - 6ul/£>

which is manifestly symmetric.
On the other hand the gravitational stress-energy tensor is computed from the action

S:/\/EFHVF“/V/guulgyyldDm

2 63
T = (ﬁ 59“”)

1
VG = =5 V900"

Using the definition

guuﬁéuu

and the relation

8



one finds
T/u/ = M)\FV)\ - 5ul/£)

From now we assume that the theory has a symmetric stress-energy tensor defined by (). Important
class of theories obey the property of scale invariance. Let us probe if the Poincaré invariant action
@) is scale invariant as well. Namely, let F(x, ®(x)) = \2®(\ - ), where A is the so called scaling
dimension. Then we immediately see that the first term in the action (3] is invariant if

D -2
A= —.
2

Then it is clear that V' (®) has to be a powerlike ®", where

D 2D

"SR~ D-3

We see, that n is rarely an integer. The only exceptions are: n =6 for D = 3, n =4 for D = 4 and
n = 3 for D = 6. The case D = 2 is exceptional because scalar field is dimensionless in this case and
we can not built scale invariant theory with power like potential. Instead we have Liouville theory

L= (0,0 + "

which is scale invariant with F(x, ®(x)) = ®(\ - x) + 2log A.
Another scale invariant theory in two dimensions is known as non-linear sigma model

L= Gu(®)0,90,9".

Here & = (®',..., ®V) is the N—component bosonic field and G, (®) is some matrix function (since
® is dimensionless this function is dimensionless). In string theory one interprets ® as coordinates on
some “target” Riemanian manifold M and G, (®) as a metric on it.

The last, but not the least example is the Yang-Mills theory (here fundamental fields A,, take values
in some simple Lie algebra, say su(N))

Sz/ﬂ@bfxf@:@m—&@+MWM.

To insure scale invariance both terms in £}, should have the same scale dimension. From this condition
we find A = 1. Then the action transforms

S — \Ps,

and hence this theory is scale invariant only in 4 dimensions.
Going back to the definition ([l) we see that if the theory is scale invariant then we should have

def
/@dDwzo where © =T,

which requires © = 9,0,,, so that
D,=0,—2z,1,

is a conserved current called the scale current.



The scale invariance might imply the extended symmetry known as the conformal symmetry. For
example, one can notice that if ¢, in turn is a gradient 6, = J,,L then one can redefine 7},

. 1
Ty = Ty = Ty + 51 (0,0, — 0,,0°) L (15)

to make it tracelesdd. This redefinition of T, corresponds to the dilaton term (I2]) in the curved space

1
W=—— L
21— D)

Let us consider A\®* theory in four dimensions

S = / (%(8,@)2 - /\<I>4) d*x.

While computing the stress-energy tensor, we are free to choose the transformation rule for the field ®.
The only condition is that it is reduced to ®(x) — ®(x + €) for constant €. As we saw above ® has
dimension 1 in D = 4. It suggests to consider the replacement

o(z) — (1 + %) O(x + €).

Then formula (8) implies that
1 1
T, = 0,20,P — 0, (5(8@2 + )\<I>4> + 1(4)\@3 — O?P)D6,,,

where the last term corresponds to X, in (&). We see that this stress-energy tensor satisfies conditions
specified above, that is

1
0 = -0
2
and hence the improved stress-energy tensor (7)) is traceless. The corresponding dilaton field has the
form W = %2.
The vanishing of © implies the invariance under conformal transformations, whose infinitesimal form
is
€, + 0y, = ()6, (16)

It will be studied in the next lecture.

2For D > 2 it is enough to have © = 0,0y L, then the improved tensor

1

~ 1
THV = TMU + — (6M(9>\L)\,, + (‘:)V(‘:)XLXM — 62LHV - 5HV6>\6PL>\P) + m

53 (5,00% — 8,0,) Lax

is traceless (see [I] for more details)

10



Lecture 2: The conformal group

The transformation (I6) is the infinitesimal form of the conformal transformation, that is an invertible
map & — «’ which leaves the metric §,, invariant up to a scale

ox'P 0z’

P70k Oxv

We note that A(x) = 1 corresponds to the Poincaré group consisting of rotations and translations. These

transformations preserve the distances, while the general conformal transformations only preserve the

angles.
In infinitesimal form we have the condition

ey + 0y = f(2)0,
Contracting this equation with 6" we find that f(x) = (8 - €) and hence

2
D

= A(x)d,. (17)

ey + 0,6, = —=(0 - €)d. (18)

Applying 0¥ we get
(1 - %) 9,(8 - €) + 9%, = 0.

Furthermore we take 0, and symmetrize p <> v to find
2 1.,

1-— D 0,0,(0 - €) + 58 (Oper + Ove,) = 0.

Finally, using (18], we findd
((D =2)8,0, +6,,0%) (8-€) =0 = (D —1)9*(D-€) =0 2= 9,0,(8-€) = 0. (19)
Another useful identity is obtained from (I8) by taking 09, (18),, + 9, (18),,, — 3,(18),,,
2
20,0,¢, = 5 (0pp 0y + 0,0y — 0,0,0,) (O - €). (20)

We see from ([I9) that the cases D = 2 and D > 2 are different. Let us consider the case D > 2 first.
Equation (I9) implies that the function (9 - €) is linearf] and then equation (20) implies that 0,0,€, is
a constant. Henceforth €,(x) are quadratic functions

e(T) =a, +ba” + cw,Asc”xA, (21)

3From () we see that for conformal invariance it is enough to have © = 9,0, L, for D > 2 and © = §?L for D = 2.
It follows from the fact that for conformal transformations the variation (@) takes the form

§eS = (0-€)0dPz,
RD

and hence in the virtue of (I9) it can be integrated to zero if either © = 0,0, L, or © = 92 holds.
“Indeed 9,0, f(x) = 0 for u # v implies that f(x) = > fu(zy). And then 9,0, f () (no summation in ) implies that
fu(z,) is a linear function.

11



subject to the condition (I8)). The constant term a,, is not constrained at all. It represents the infinites-
imal translations. The linear term b,, obeys

2
by + by = 55WbM. (22)

General solution to (22) is
by = ady +wy  where wy, = —wy,.

The antisymmetric part represents infinitesimal rotations, while the pure trace part corresponds to the
scale transformation /* = (1 + a)x*.
So, we are left with the quadratic term c,,». Inserting (2II) into (20)), one finds

Cuvp = OupCu — 0upCy — 0, C, Where (, = _BCZW
which corresponds to the infinitesimal transformation
ot =gt =2 )t + P+

called the Special Conformal Transformation.
Finite conformal transformation can be obtained by exponentiation. They and the corresponding
generators acting on functions are summarized in the following tabl

Transformation Generators
Translation ot =gt 4 at P, = —id,,
Rotation 't = QlgY L =i(x,0, — x,0,),
Dilatation ' =\t D = —i(x - 9),
ah + x?CH

SCT '

"1 +2(¢ - x) + (a2 Ky = —i(x*0, — 2z,(x - 9))

One can check that SCT is indeed a conformal transformation with the scale factor A = (1+2(¢ - x) +
¢*x?)?. More intuitive way of thinking about the SCT comes from the formula

It means that we can define the special conformal transformations by combining an inversion with a
translation and then another inversion

s M % + M ot 4 w2§u
ot — = — =+ — = = . 23
rEE (z+¢)?  1+2(¢-z)+ a? (23)

5We note that

and
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One can easily check that the inversion obeys (7)), so does the SCT.
We note that the SCT is not globally well defined in R”. In particular the point

is mapped to infinity. Therefore in order to define SCT globally, one usually considers conformal
compactification of RP which is SP, or the D-sphere.

It is interesting to identify the conformal algebra for D > 2, that is the Lie algebra of (P, L., D, K,,).
First, we compute the number of generators. Keeping in mind that £, is antisymmetric, we have

DD-1) ., ,_(D+)D+1)

2 2

We note that, it is equal to the size of SO(D + 2). The generators D, K, and P,, £,, admit the
following commutation relations

D +

[D,P,] =1iP,, D, L,.] =0, D,K,| =—ik,, (24)
Ky, K] =0, Ky, Pl =—=2i (8, D+ L), ICx, L] = i(00,IC0 — 1K),
plus those of Poincaré algebra

[Pw 77,,] =0, [PM ‘CHV] = i(ékupv - 5>\V7Du)v [Euw chr] = i(éupﬁuo + 5u0£l/p - 5up£l/0 - 5!/05#/))’ (25)

These commutation relations can be brought to the convenient form by defining

1 1
Jw =Ly, Ipr2ps1 =D, Ipt1,= 5(73” +Kyu), Tps2p = 5(73# - K,),
where Jynv = —Jnn- Then the new generators satisfy the relations of SO(D + 1,1) Lie algebra

(TN, Trsl =t (MneTms + MvusINk — MurINS — INsTMR)

where 7,y is the diagonal matrix with Minkowski signature (1,1,...,1,—1).
It can be seen by explicit calculations and we leave it as an exercise, but it is better to derive it from
the following arguments. Consider the vector

1—ax? 14+ a2
X =(z',... 2"
(x7 ’x7 2 ) 2

) c RD-I—I,I

It is not arbitrary, but subject to two additional constraints. First it is a “light-like” vector X? =
x? + (#)2 — (#)2 = 0. Second constraint is the condition XP*! + XP*2 = 1 which defines the
section of the light-cone. This section is parameterized by @, which are our original coordinates in
RP. One can easily check that the induced metric on R” coincides with the flat metric. The group
SO(D +1,1) acts on RPTLL a

XM 5 AR XY (26)

We want to project this action to our section: X? = 0, XP*! + XP+2 = 1. The first constraint is
preserved by this action, while the second transforms

1= XD+1 +XD+2 N )\(X),

13



where A\(X) is some linear function. So, we just replace (26)) by the transformation
XM o THXOAM XY, (27)

which certainly preserves both constraints. It remains to show that the transformation X — \(X)XM
is a conformal transformation of the light-cone (and hence of the section as well). Indeed

(d()\X) ~d()\X)> - (()\dX + (VA dX)X) - (AdX + (V- dX)X)) = )2 (dX : dX),
where we have used X* = 0, (X - dX) = 0. That is, that linear transformations A € SO(D + 1,1)

corresponds via (27) to the conformal transformations of R”, which we summarized in (24))-(25]). For
example

100 ... 0 0
010 ....... 0 0
............. 0 0 0
....... 010 0 0 (28)
.......... 01 o0 0
AL A-aT!
.......... I S
.......... 0 0 2 2

corresponds to dilations & — A\ ~'x etc.

It is interesting to construct conformal invariants, that is functions F'(xy, ..., zy) which are invariant
with respect to all conformal transformations. Poincare invariance implies that F(z,...,zx) may
depend only on relative distances |x; — x;|, then the scale invariance implies that it can only depend
on the ratios

|z — x|
|.’Bk — .’Bl| )

Finally, to insure the invariance under the SCT it is enough due to (23) to ensure the invariance with
respect to inversions. Using
n_y )2
9 —)mQ\ (.’,EZ CC]>
2.2 '

x;T;

(x; — x;)

we see that we can built an invariant only through 4 points

o |331—€I32||333—334‘ . |CU1—CU2H€I33—CU4‘

B |CI31—€I33||5132—CI34‘7 B |332—333H331—334‘.

It means that the conformaly invariant function of four points is actually a function of two invariants
F(u,v). In general, there are N(N — 3)/2 invariants for N points. Indeed, the number of |x; — x;|’s is
N(N —1)/2. Then write a monomial

[Tz — =

1<j

mgj

Conformal invariance demands that each individual degree in @ is 0. That is

k—1 N
ijk + Z My = 0.
j=1

j=k+1

14



So we have N equations for N(N — 1)/2 unknowns: N(N —1)/2— N = N(N —3)/2.

We note that these monomials are not algebraically independent for N > D + 2. Indeed, after all
we have N points in D-dimensional space constrained by the conformal group. Hence the number of
algebraically independent cross-rations has to be

D (D+2)2(D+1).

In particular, one has only 2(N — 3) independent cross-ratios for D = 2 and N — 3 for D = 1. For
example for D =1 and for 1 > x5 > 23 > 24

w = (1 — @2) (23 — 74) v (x1 — xo) (3 — 4) L,

(ZL’l — Ig)(l’g — 1’4)’ (ZL’Q — Ig)(l’l — 1’4) 1— U.

The counting above does not work for N < D + 2, since there is a residual subgroup of the conformal
group that leaves N points invariant. So that we have, N(N — 3)/2 invariants for N < D + 2 and
ND — PRUPH) for N > D+ 2,

Now, we consider the conformal group in two dimensions. We already saw that D = 2 is special (see

eqs (IX), (1), 20)). Namely, the condition (I])) reads
Ore1 = Dhez, O1ea = —Daey, (29)

which are nothing else as the Cauchy-Riemann equations in complex analysis: the complex function
whose real and imaginary parts satisfy (29) is holomorphic. Namely, we introduce the notations

1 = 1
=o' +iz?, z=a2'—iz? 0= 5(81 —idy), 0= 5(81 +i0y), €=¢€1+iey, €=¢€ —ie.
Then (29) is equivalent to the statement
0 = 0e = 0. (30)

What we just obtained is merely the simple fact that in two dimensions any holomorphic function f(z)
give rise to the conformal transformation

2

ds? = (da')? + (da?)? = dzdz =L, ‘g—f dwdw,
w

or in infinitesimal form f(z) = z + €(z). We note that doing holomorphic maps we regard the variables
z and Zz as complex conjugated, so that the metric remains real.

We see that in D = 2 the conformal group is infinite dimensional and consists of all holomorphic
maps with the group multiplication being the composition of maps. This is to be compared to the
finite-dimensional conformal group in D > 2 dimensions, which is isomorphic to SO(D + 1,1). It is
precisely this infiniteness, which makes the D = 2 case so special. Imposing this infinite symmetry, we
got infinitely many constraints on correlation functions and in some cases can compute them exactly.
There is, however, some subtlety which is related to the global definition of holomorphic maps. In fact,
the Cauchy-Riemann conditions (29)-([B0) are defined only locally. They just kinematically guarantee
that the function €(z) depends only on one variable z, but do not demand the corresponding map to be
defined everywhere and be invertible. By definition, the conformal group consists of all invertible and
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globally defined maps (keeping in mind that SCT requires to add “infinity” point to the manifold). We
will therefore distinguish between global and local conformal transformations in two dimensions. Let
us construct holomorphic invertible globally defined mappings f(z). Clearly, f(z) could not have any
essential singularities of branch points. Hence the only admissible singularities are the poles and then
f(z) is a rational function
fz)= 2

Q(z)
The polynomial P(z) could not have distinct zeroes because in this case the inverse image of 0 is not
well defined. The multiple zeroes are also not allowed, because the inverse function will be multiple
valued. So, the only possibility is the linear functions. The same arguments apply to the denominator
of f(z) when looking at the behavior near co. We conclude that

az+b
f(Z)_CZ+d

The last condition has been applied in order to fix the freedom (a, b, c,d) — (Aa, A\b, Ac, Add) which does
not change f(z). For each global map f(z) one associates a matrix

with ad — bc = 1.

a b
M = (C d) € SL(2,C),

where SL(2,C) is the group of complex 2 x 2 matrices with unit determinant. One can easily verify,
that the composition of maps f>(f1(z)) corresponds to the matrix multiplication MM,

a1z+b1
f (f (Z)) B as <ﬁ) + b2 B (alag —+ b201)2 + (a2bl + b2d1)
o B (M) + dy  (aico + c1da)z + (coby + dady)’

c1z+d;

Furthermore, we note that even after imposing the condition ad — bec = 1 there is still a redundant
symmetry (a,b,c,d) — (—a, —b, —c, —d) that does not change f(z and we have to eliminate it. We
conclude that the group of global conformal transformations in two dimensions coincides with the
Mébius group SL(2,C)/Zs.

The Mobius group is a continuous 6-parametric group, which is known to coincide with the Lorentz
group in four dimensions group SO(3,1) (more precisely its identity component) according to the spinor
map. Namely, we note that there is a natural map from R? to the space of 2 x 2 Hermitian matrices

(31)

To+ T3 T — 1o
(x07xl7x27x3> — H = (

Ty + 1Ty To— T3

such that the quadratic form becomes the determinant z3 — % — 23 — 23 = detH. Any matrix M €
SL(2,C) acts on Hermitian matrices by conjugation (the spin homomorphism)

H — M*THM.

The kernel of the spin homomorphism consists of two matrices M = =+l and hence we come to the
conclusion that the Mébius group SL(2,C)/Z, is isomorphic to the identity component of SO(1, 3).
We note that SL(2,C) contains compact subgroup SU(2) € SL(2,C)

az — b*

%
: bz 4+ a*

) |a|2 + |b|2 =1, (32)
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and hence the Mobius group contains the compact subgroup SU(2)/Zy ~ SO(3). This group acts
transitively on a two-sphere. It is convenient to realize it as a surface in 3D space parameterized by
spherical angles 0 € [—7, ] and ¢ € [0, 27]

x1 =cosfcosp, xy=coslsing, x3=sinfl — x%+x§+x§:1

The action of SO(3) is inherited from (31)

T3 r — ’iflfg a* b XT3 r1 — iLUQ a —b*
(a:l + 129 —1x3 ) - (—b a) (xl + 129 —x3 ) (b a* ) (33)

To see it geometrically, we switch to stereographic coordinates (z, z)

cosf cos 0
— ¢
1 —sind

ip 7 = —ip

°= 1—sin96

explained by the picture

The stereographic projection provides the map from S? to C + {oo} such that the north pole of S? is
mapped to oo.

The sphere S? is homogeneous space for SO(3). Consider the element of SO(3): the rotation on
angle o around the axis which pierce the sphere at the points (6, ¢) and (=6, 7 + ¢) (antipodal point).
This element of SO(3) should correspond to some a and b in (33]). Demanding that the points

z2=2(0,p) and z=2z(—-0,p+m),
are the fixed points of the map (B2), we find
a* =a—2btanfe’¥, b = —be*?,
which can be solved by (remember the condition |a|* + [b]* = 1)
a=cosf+isinfsinB, b=icosbsinBe "%,

for some (3. Simple analysis shows that § = «a/2.

Problems:
1. Find Noether current corresponding to the special conformal transformation (23)).

2. Show, that (28) corresponds to dilations. Identify other elements of the conformal group as
elements of SO(D + 1,1).

17



Lecture 3: Stress-energy tensor in CFT, conformal Ward identities

We consider Euclidean, SO(D) invariant field theory with symmetric stress-energy tensor 1, = T,,
defined by (). Quantization of the theory amounts to consider functional integrals of the form

(x) < % / Xe 51D, (34)

where X is a composite field. Usually, we take it in the form
X =0Oi(xy)...On(zy),
where O,(x,)’s are some local fields
O(x) = F(O(x),0,P(x),...)

In principle, function F(...) can be arbitrary. The only property which we require, is that the fields
finitely separated in the space are not allowed. The collection of all local fields is usually thought of as
a vector space. One can imagine it as

A = span{®"(z), ®" (x)0,®(x), " (£)9,0,®(x), " (£)0,0(x)0,®(x),...} (35)

As we learn in Quantum Field Theory course the composite fields like ®V(x) require renormalization.
So, the fields in (33 can be regarded as symbols for the true quantum fields. We will usually denote
them as O;(x), j = 1,..., 00, meaning that they form a basis in infinitedimensional vector space A.

At the moment we do not specify O;()’s in (B4]) and try to work in general. The symbolic integration
in the right hand side in (4] is known to lack mathematically rigorous definition. Nevertheless, we
assume that the functional integral (34]) exists and shares some properties of ordinary integral. In
particular, since in (B4]) we integrate over all functions ®(x) we assume that the measure of integration
is invariant with respect to translations

D(®(x) + e(x)) = D(®(x)),

where €(x) is an arbitrary function. The value of the functional integral (34]) should not change. It
leads to the following identity

Z<O1($1) . 00k(xg) ... On(zy)) = /RD e(x)(EOM(x)O, (1) ... On(zn)) dPx, (36)

k=1

where

soe) = 2 -3, (505 )

is the composite field which vanishes on-shell in classical field theory. Now, we note that the function

() is arbitrary. In particular, it can be taken to have no support at the point x;. Then the left hand
side of ([36]) should vanish by assumption of locality. Thus we have

(EOM(x)O:(x1)...On(zN)) =0 for x # xy. (37)
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A field with this property, that is any correlation function involving this field vanishes unless its position
x coincides with one of the other insertion points, is called the redundant field. Equation of the form
([B7)) is usually referred as vanishing of correlation function up to contact terms.

There are, in principle, infinitely many redundant fields in QFT. Formally, their existence is related
to the more general transformations of integration variable in (B4])

O(x) = P(x) + e(x) FP(x)]. (38)

Generally, we do not known if the measure transforms covariantly under this change. If we would
known a Jacobian of this transformation we would find a new redundant field similar to EOM(x). An
important class of transformations (38) comes from the symmetries of the theory. Natural assumption
would be that if the action has some symmetry, then the measure should share the same symmetry as

well. For example, we expect that
D(®(x +€)) = D(®(x)), (39)

as a manifestation of the fact that the change  — « + € just relabels the coordinates in the functional
integral. It is easy to justify the invariance (39)) for a constant €. But what if € = €(x) is a function, as
in 2D CF'T? In general, this is the source of anomaly. We will discuss it later in our course.

Exactly, for the transformation ®(x) = ®(x + €(x)) = ¢(x) + €,(x)0,P(x) + ... we do not expect
measure issues. Therefore we have an identity

Z(Ol(wl) e 5€Ok(wk) Ce ON(ar;N)) = 8ueu(a:)<Tu,,(ac)Ol(ac1) e ON(acN))dDac. (40)

D
k=1 R

In quantum field theory we take (40) as a definition of the stress-energy tensor.
From very general grounds one can assume that the variation of a local field can depend on €(x)
and finitely many its derivatives

00(x) = €,(x)0,0(x) + 0,6, 0" (x) + . . ., (41)

where O* () etc are some local fields. The fact that there are only derivatives of €(x) in (41]) reflects
general assumption of locality. The fact that there are finitely many terms in ([4I]) is an assumption
that the spectra of dimensions of local fields is bounded from below.

Now, let By, be the small ball surrounding the point @y, such that B, "B; = &. Then we split the

integral in the r.h.s. in ({@0Q) as
N
Jom Xt L
RD i1 ¥ Bk RD

where RP UB, U---UBy = RP. The last integral can be transformed by parts

e () (T, (2)O1 (1) . .. On(zN))d T = —/R €, (2)(0,T, ()01 (1) ... On(zn))d 2 + bt

(42)
Where by b.t. we denoted the boundary terms. They are the sum of integrals over the boundaries of
all balls B;. Now, let us take €(x) of very special form (with no support at * = xy)

RD

e(x)| =0 forall k=1,...,N.

By
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Then the first term in the right hand side of (42]) is the only one who contributes and hence we have
<0MTM,,($)01($1) e ON(QJ‘N» =0 if xze€ RD. (43)

We note that we can take the balls By arbitrary small and hence (43)) is valid for all & # xy, i.e. the
correlation function (43]) vanishes everywhere except for some delta functions supported at the insertion
points x; ...xy. That is 9,7, is a redundant field.

Having in mind (@3]), we conclude that

N N

> (O1(@1) . 6Ok(@i) ... On(xn)) = > | Ouen(@)(Tp(x)O1 (1) ... Oy (zN))d x + bt

k=1 k=1 Y Bk

Now, we specify everything to the case of D = 2 and scale T, — 5 T w for future convenience. Using

the Green theorem
/8uAud2:c:7{ e Auda”,
D oD
N

> (O1(@1) ... 6Ok() ... On(zN)) Z ae,, (T (2)O1 (1) . .. On(xN))d*2—

k=1

we find

N

1 p
Cor ; je{mk ey (@) (D (®)O1(21) .. On(@N)da”,  (44)

where the contour integral goes in the counterclockwise direction. Since, € is arbitrary we can take it
non-zero only in the vicinity of the point @;. In this case only one term of the sum contributes in (44]).
We can rewrite (44]), formally erasing an average sign, as

3 [ %0 @T@O@Ey - 5 f a0, (15)

27
where D, is a small disk surrounding the point  and C, is its boundary.
Now, suppose that our theory is conformally invariant, that is 7),, is traceless. In this case the first
term in (45]) does not contribute for conformal transformations d,€, + 0y€, ~ d,,. Moreover, taking
into account peculiarities of 2D geometry

a(@) + ie(x) = €(2), i (T (@) — Ta(®) — 2iT1a(@)) < T(2),
a(@) — ie(@) = €z), i (Ti(@) — Ton() + 2iThs(x)) < T(3),
we find that
(T(2)O1(21,21)...0x((21,21))) and (T(2)O1(21,7)...0x((21,21))) (46)

are holomorphic and antiholomorphic functions respectively. Moreover variation of the field O(z, 2)
under the conformal change of coordinates € = (¢,€): z — z + €(z), 2 — zZ + €(Z2) is

5.0(2,2) = ]4 () T(Q)O(z )¢ + 74 e(0) T(O)O(z, 2)dC.

2 271 Je.
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where both contours C, and C; go in the counterclockwise direction. It is important, that correlation
functions (46) not only holomorphic (antiholomorphic), but also single valued. It allows us to define
the holomorphic variation of local fields (assuming that €(¢) is single-valued as well)

5.0(2,7) = % i () T(C)O(2, 2)dC.

Consider infinitesimal transformation of the very special form (note that here z is exactly the inser-
tion point O(z, 2))
() =aC—2)""  a<l, n>-L

Variation of O(z,z) under this special conformal transformation we denote by L,O(z,2): 60 =
aL,O(z, z). For generic € the variation 6.0 can be expressed in terms of (L;O) as

" "
5.0 = e(L_10) + ¢ (LyO) + %(Llo) + Z—‘(LQO) . (47)
At least two of these new fields L, O(z, Z) we can identify
L_10(z,2) =00(z, 2), LyO(z,2) = ApO(z, 2),

where Ay is called the conformal dimension of the field O, Other fields L,O(z,z) are some new fields
which a priori are unrelated to the original one O(z, z). In general, we expect that (A7) contains only
finitely many derivative terms, that is there should exists such N > 0, that

L,O(z,z) =0 for n>N.
It is clear that conformal dimensions of the fields L;O are given by
Ar.o =00 — k.

We assume that the spectra of conformal dimensions {A;} is bounded from below. Actually, we might
require even more and forbid negative conformal dimensions at all. It guaranties for example that the

two-point functions
1

|Z _ 2{,/|4A@7

(0(z,2)0(7, 2)) ~

will fall at infinity. In any case, this restriction implies existence of primary fields, which we denote as
®, having the most simple variation (47])

0:D(2) = €(2)0P(2) + A€ (2)P(2),
or L,® = 0 for all n > 0. Under generic, not infinitesimal, holomorphic transformation primary fields

behave as generalized tensor fields
dw\ *
) — | O(w).
@ (%) ow

6Similarly, one can define antiholomorphic conformal dimension A as Lo©@ = AQO. Altogether it corresponds to the
following transformation rules

O(z,7) = A2 X2 0z, A2).
So that A + A can be identified with the scaling dimension and A — A with the spin.
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From now on the notation ®(z) will stick for primary field.
Consider the Ward identity

3 (O(z1). - 80;(z) . Ox(2x) 2m2 7{ OOi(=1)..-On(an )G, (49)

We assume that the correlation function (7'(¢)O1(z1) ... On(zy)) is a single-valued function of ¢ falling
at infinity (7°(¢) C—> 0) with only possible singularities, the poles at the insertion point z;. Then, taking
— 00

€(¢) = aC’ a1 (49)

(O1(z1) - Oj-1(2j-1) Le-10;(2) Oj41(2j41) On (2))

(50)
It is important to mention that in (48) the contours C., are very small circles, so that z in ([#9) lies
outside of all C;’s. The formula (50) is known under the name of conformal Ward identity. It has a
particularly neat form for primary fields

<T(z)c1>1(zl)...q>N(zN)>:Z(( B O )(@1(z1)...<1>N(zN)>. (51)

2
Z—Z Z— Z
=1 k) k

One can rewrite (5I)) in the form of operator product expansion (OPE)

Ad(z) N 0d(2) N

T(OB() = 2o + (52)
where by ... we denote terms regular at ( — z. Similarly, from (50) we find that
T()O(2) = L,O(z)  Li0(z)  ApO(z) 00(z) (53)

(-2 2P -2 {2

~
finitely many simgular terms

Both relations (52)) and (53) should be understood as (50).

Now, as we saw before, the conformal dimension of the field O differs from the conformal dimension
of some primary field ® by an integer positive number. It suggests that, may be, O can be obtained
from ®. To do so, we consider regular part of (52))

AD(z 0P(z
T()®(z) = G —(z))2 + C _( z) + L_o®(2) + (¢ — 2)L_s®(2) + (¢ — 2)*L_y®(2) + ..., (54)
where L_,®(z) are, by definition, some new local fields (note that L_;1®(z) = 0®(z)). Their existence
can be justified by functional integral arguments and from (&I). For example

L o®(2) = T(2)®(2), L_3P(2)=T'(2)®(z) etc,
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where the symbol ~ means some kind of regularization. We will make it simpler and just postulate,
that (54]) defines the new fields L_;®(z), which will be called descendant fields (but not only them). It
can be expressed as follows

L49(2) = 5 § (€= TOBEK (55)
Using (1)), one finds that
1 1—k

= L_(®(2)D1(21) ... Pn(2n)), (56)

where the differential operator £(z, z) is given by

k=
J

(z—2)F  (z—2)

The equality (B0) can be obtained as follows. We use the conformal Ward identity (51))

; N {(k—mj 0y }

(T()P(2)P1(21) ... Pn(2n)) =

A 0 N Ay B,
= <(g_z)z e +k§ ((S—zk)2 +€_Zk>> (@(2)®1(21) ... D (2n)) (57)

where 0 = 0,, Oy = 0,,. Then (B6]) can be obtained from the condition of absence of pole at infinity

]{+§;]{ = 0. (58)

We note that (58)) holds for £ > 1 provided that the correlation function (T'(&)®(2)®1(21) ... Pn(2n))
falls at infinity. For k = 1 we have additionally to require

which is nothing else, but the condition of translation invariance of correlation function.
Now we have to derive conformal transformation properties for the field 7'(z) itself. Consider the

product

c A(w) 2T (w) T (w)

20z—w)*  (z—w)® (z—w)? z—-w

T(z)T(w) = (60)
Few comments are in order. First, the conformal dimension of T'(z) is 2. Since it is a conserved current
its conformal dimension does not acquire quantum corrections. It can be easily seen by comparing
scaling properties of both sides of (53]). Second, the most singular term in (60) is proportional to the
field of dimension 0. We assume that there is only one such field, namely the identity operator, and
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hence ¢ in (60)) is just a number. More singular terms are forbidden because of our assumption A > 0.
The field A = LT should have dimension 1. Since the product T'(z)T(w) is symmetric we also have

T()T(w) = —S ¢ A3 2T T (61)

2w—2)* (w—2)P3 (w—2)2% w-—z

Comparing (6I]) with (60) we find that A = 0. Therefore, under our assumptions we have

T(:)T(w) = 57 ‘ it (fT_(Z’]))Q + Zwau)] I (62)

which is equivalent to the infinitesimal conformal transformation

0.1 (2) = e(2)T'(2) + 2€'(2)T(2) + %e"’(z). (63)
This infinitesimal transformation can be “exponentiated” to
T(z) - (2 2T(w)+  {w, 2} (64)
Z —_— —_—
dz 125777

where {w, z} is the Schwarzian derivative

2
w/// 3 w// w

w2} =— - — = €'+...
w 2 \w w=z+e

In order to validate (64]) we have to check the group property. It follows from the following property of
the Schwarzian derivative

.= (%) w0+ 109

Moreover, one can check that {f, 2z} vanishes on functions f(z) = Z,:IZ> which correspond to global
conformal transformations. The fields with transformation laws like (G3)), i.e. which behave as primary

fields under Mé6bius transformations, are called quasi-primary or conformal.

Problems:

1. Derive basic properties of the Schwarzian derivative (see Wiki)
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Lecture 4: Conformal families, Virasoro algebra

In the last lecture we have defined descendant fields (53] and have shown that correlation functions
with one such field and arbitrary number of primary fields can be expressed through the correlation
function with primary fields only by some differential operator (56). In order to compute more general
correlation functions with multiple insertions of descendant fields

<L_k1(D(Zl)L_kQ(I)Q(ZQ)(I)g(Zg) e (DN(ZN»,

we have to use Ward identities with multiple T" insertions

(T(OT()P1(21) . .. Pu(2a)) =

A ) 2 9,
[E <<<—zk>2 i <—kzk) =t o)

Jj=1

(T(N)®1(21) - - Pr(20))+

L
2C— )

which follow from the OPE of T" with itself (G2). In principle, using the multipoint analog of (63), we
can compute arbitrary correlation function of the form

<L_k1(I>1(Zl)L_kzq)g(Zg)L_kg(I)g(Zg) ce L—kN(I)N(ZN» = D((I)l(zl) ce (I)N(ZN»

It is given by some “hard to find”, but explicit, differential operator D, applied to the correlation
function involving primary fields only.
It is useful to find conformal transformation properties of the field L_;®(z). In a very general form
it is
(L 4®() | (LL®(E) | (LoLa®() | (Ll ()
(C—2)* (€—2)° (€ —2)? (—=

We remind that this formula is equivalent to the following transformation

T L-k®(2) =---+

o (66)

i

5.L_® = el L_y® + ¢ LoL_p® + %LlL_kcb o

The fields appearing in the singular part of (66]) are, as we will see shortly, not new fields. The fields
from the regular part are new and will be denoted by L_;L_;®(z). From Ward identity we have

L—ZL—k(I)(Z) = %m\%c (,)7 _ Z)l_lT(n)L—k(I)(Z)d’)] _
1 - 1 ~
= 53 $. 0= 2770 (51 § (€= AT an

This procedure can be repeated, producing an infinite tower of descendant fields

L—k1 e L_knfb(z) (67)
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The descendant fields (67) are not all linearly independent. To see this consider the commutator

(L, Ln]O(2) = L, L, O(2) — L, L,,O(z) =

1 1+m 1 14+n
=5 (n—2)"""T(n) <% il(c —2) T(g)@(z)dg) dn—
- 2% Cl(c = 2)"T(C) <2im ]i(n - z)1+mT(n)O(z)dn) d¢.

Two integrals above look the same. The only difference is the order of contours C; and Cy. In the first
integral the contour C; goes first around z and then the contour Cy encircles both the point z and the
contour C;. In the second integral the role of C; and Cy is exchanged. Transforming both contours as
shown on the picture we find

L LJOG) = 5 f (€= (5 fln= 2" T T(QO M) =

o (e (g T o)
1

= % . (C - Z)1+n (%(Wﬁ _ m)(g — z)—2+m —+ 2(m -+ 1)(C — z)mT(C) + (C _ Z)l—l—mT/(C)) dn (68)

In the second line we used the conformal Ward identity for the field T itself. Evaluating the first integral
and integrating by part the third one in (G8]), one arrives to the commutation relations

[Lms L] = (m — 1) L + %(m?’ — 1), (69)

known as Virasoro algebra. Since the relations (69) are valid when applied to any field O, we simply

erased O in ([69).
From (69)) we see that

LoL_1®(2) = (A4 k)L_y®(2), L,L_1P(2)=(n+k)L,_xP(z) for n=1,...,k—1,
LiL_p®(2) = <2k:A + 1—C2(k3 - k:)) o (2).

We come to important conclusion. The conformal transformation properties of the descendant field
L_®(2) involve only descendant fields build out of the same primary field ®. The same is true for
generic field (67)). This fact leads us to the notion of the conformal family [®], i.e. the set (infinite) of
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all descendants fields (67). It is clear that because of the relations (69) there are linear relations among
descendant fields (67). The conformal family [®] consists of

[®] =Span (L_j, Ly ... Ly, ®(2)| k1 > ko > ks > ...)

Since generic descendant can be obtained from the primary field by successive applications of (B3,
correlation functions involving descendants can be expressed from correlation function of primary fields
only by means of some differential operators. Correlation functions of primaries are further constrained
by the so called projective Ward identities. They follow from the fact that any correlation function
involving 7T'(z) should fall at infinity ad]

(I'(z)...)~— at 2z — oc. (70)

Writing ([[0]), we assumed that no field has been placed at z = co. Then z = oo should be regular point,
as all other points. If we introduce local coordinate z = %, we have

dw\ > 4 1
(T(z)...)= (E) (T(w)...) =w (T(w)...) ~ at z — oo.
In the second equality we used transformation law for T'(z) derived before (64]). We note that the
anomalous term ¢ does not contribute for inversion z = 1/w. Now, let us apply (Z0) to the Ward
identity (5I)). Terms of order 1/¢, 1/¢? and 1/¢? in the right hand side in (5] should vanish

WE

ak<q)1(21) e (I)N(ZN» = O,

e
I

1

M =

(Ap + 20%) (B1(21) ... By (2y)) = 0, (71)

B
Il

1

WE

B
Il

1

Let us study the consequences of these equations (here we do not write Z dependence of correlation
functions for simplicity). The one-point function vanishes unless A =0

(®(2)) ~ da0-

In that case it is a constant. Remember, that due to our assumption, there a unique primary field with
A = 0, the identity operator.

Now, let us study the two-point function (®;(z1)Py(22)). First equation in (1] forces it to depend
on the difference of variables only

(®1(21)Pa(22)) = F(z1 — 22),

second equation implies
A(Aq, Ay)

F(z — 2) = TR

"We have already used weaker version of (Z0) in (59).
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while the third one gives A(A1, Ay) = N2(A1)da, a,- We note that the factor N?(A;) can always be set
equal to one by changing normalizations of the fields. Similar analysis applies to the antiholomorphic
part of correlation function. Thus, we have

6A17A25A1,A2
(Zl _ Z2)2A1 (21 _ 22)2A1 :
We call this canonical normalization of the two-point correlation function.
The three-point correlation function is given by

(D1(21, 21)Pa(22,21)) =

<<I>1(Zl, 21)(1)2(22, 22)@3(23, 23)> = C(Al, Al, Ag, AQ, Ag, Ag) H(ZZ — Zj)_Aij(Zi — Zj)_Aij,
i<j
where Ay = Ay + Ay — Az etc and C(Aq, Ay, Ay, Ay, Ag, Ag) is some constant. In fact, this constant
is the first “dynamical” quantity we wish to compute. It contains actual information about the theory,
explicit Lagrangian for example. We will return to the problem of computation of C'(A;, Ag, Ag) later
in this course. Going further, we consider four-point function. One can show that generic solution has
the form

(@121, 21)Pa(20, 21) (23, 21)Pu(20, 21)) = [ [ (2 = 2))7 (2 — ) F (2, 2),

i<j

(1 —2) (s — ) _ (51— 2)(Z— Z) _ —

Z = 5 Z = - — i 2A,, z:_2Az

(2’1—24)(23—2’2) (21—24) Z3— Z 2 273 ;7]

In general
(®1(21,7) ... Bnlan, 2n)) = [ [ (2 — %)% (2 — 7)) F (2, 2),
i<j

where

Z%‘j = =27, Z”_Yz‘j = —2A,;,
J J

and F(z, z) is some function of N — 3 cross ratios z and Zz.
We will use the projective invariance to set the positions of three points to 0, 1 and oo. For 4—point
correlation function of spinless primary fields (that is Ay = Ay) one has

<(I)1(21,Zl>q)2(22, 22)®3(23,Z3>(I)4 24, Z4 H ‘ZZ — Z | %JF(Z Z)
1<J

where

The choice of «;;’s is not unique, which is related to the obv1ous freedom

H |Zz . Zj|2%'j N H |Zz _ Zj|2%'j Z|2A|1 . Z|2B
i<j i<j
which certainly does not spoil the condition Zj vij = —24,;. For example we fix this freedom by

demanding that the prefactor does not change the behaviour of correlation function at z; — 2z, and
21 — 23. In other words we choose v12 = 113 =0

H |Z7, _ Zj|2%'j _ |Zl _ Z4|_2A1|2’2 _ ZS|2(A4—A1—A2—A3)|Z2 _ Z4|2(A1+A3—A2—A4)|23 _ Z4|2(A1+A2—A3—A4)‘

1<j
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In this case the function F'(z, Z) can be expressed through the limit
F(z,2) = Jim [(]*2(®1(z,2)22(0)@5(1)@4(C, C)-
Combining altogether we obtain

(@1(21, 21)Pa(22, 22) P3(23, 23) Pu(24, 24)) =

23|2(A4—A1—A2—A3) |Z A1+A3—A2—A4) |Z3 _ Z4|2(A1+A2—A3—A4) %

= |21 — 24|42y — 2—Z4|2(
(21 — 22)(23 — 24)

(21— 24)(23 — 22)

x Bim [C['34 (@ (2, 2)D2(0)@5(1)@4(C, () where 2 = (72)
—00
There is an instructive way to derive projective Ward identities as follows. We remind the variation
formula for correlation function of generic fields, not necessarily primary ones,

3Or(a). Onen)) = 5= 3§ dOTOON() .. O (el (73)

Here € = €(z) is an infinitesimal holomorphic function. We saw that the only globally defined holomor-

phic functions are
_az+b

&) =7
Any further conformal transformations must have singularities and can not be one-to-one. So, let us
assume that f(z) has a singularity at z = z,. While deriving (73]) we implicitly assumed that this
singular point is one of the positions z of the field insertions in (73]). We saw, that singular conformal
transformations produce descendant fields. Note, that we can also assume that zy # 2z and treat this
point as a place where the trivial operator [ is inserted. Thus, after a singular conformal transformation
one can produce a non-trivial descendant field from “nothing”, like T'(z) = L_5I(z) for example. It
means, that the formula (73] should be understood in this generalized sense: where is some number of
identity fields in the set of fields O. After this remark, we note that the right hand side of (73]) can be
written as

(74)

L (O@Q0u)... Ox(en))c.

2 Coo

which vanishes for all functions €(z) = a + B8z + vz This function corresponds to the infinitesimal
form of global conformal transformation (74) with a = 14+ /2, b =a, ¢c= —yand d =1— /2. We
note that infinitesimal conformal transformations €(z) = a + Bz + v2? correspond to SL(2) subalgebra
of Virasoro algebra

[Lo, L:I:l] = :FL:E, [Ll, L_l] = 2L0

Consider the notion of quasiprimary fields
Lop(z) = Ag(2), Lig(z) = 0. (75)

The multipoint correlation function involving only such fields should also satisfy the projective Ward
identities ([7I]). We note that the condition (75 is less restrictive than the condition for primary field,
where we require L, ®(z) = 0 for all n > 0. In particular 7'(z) is a quasiprimary field since L, T(z) = 0,
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but not a primary one LyT(z) = ¢/2 # 0. The projective Ward identities (7I]) correspond to the
following finite identity between correlation functions

(G1(21) .+ (a) = ﬂ( w2 (o (250 o (20

cz1 +d czy +d

Now, we come to the distinguished feature of 2D conformal symmetry: the infinite dimensional
algebra of local conformal transformations. As we saw they correspond to holomorphic functions, which
are not necessarily globally defined. For example, we can consider the class of meromorphic functions
with some number of poles. Typical holomorphic infinitesimal transformation of this class will have the
form

z—=z+alz—w)" axl, (76)

centered at some point w. We note that transformations (76) with n < —2 are singular at w. The

generator of this transformation is
l, = —(z —w)"™0..

Similarly, we can define the generators [,,. Let us compute the algebra of [,’s and [,,’s. Short computation
gives the algebra

[lm7 ZTL] == (m - n)ln+m7 [Zm7 Zn] == (m - n)ln—l—ma [lm7 ln] = 07
which is known as Witt algebra. We note that it contains finite subalgebra spanned by
{1071171—1} and {l_O7l_17l_—1}'

This is exactly the subalgebra associated with global conformal transformations. Namely, the pair
(I_1,1_1) generates translations, the pair (ly, [y) generates dilations and rotations and (I3, ;) is responsible
for special conformal transformations.

Problems:
1. Find explicitly differential operator D, defined by
(L_x®(2)P1(21) ... Pn(2n)) = Da(P(2)P1(21) ... Py (2n)),
where L_x® =L_,,L_,,...®(2).
2. We define central extension of the Witt algebra
(L, L] = (m —n) Lyt + Ao (77)
where A, , is a C number. Show that the condition that (77) defines a Lie algebra implies

man = 1—02(7’113 — M), —n-

A

Hint: it is allowed to shift generators L, — L,, + ¢, where ¢, € C.
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Lecture 5: Representation theory of Virasoro algebra, null-vectors

In this lecture we consider general properties of representations of Virasoro algebra. It will be convenient
to work in Hamiltonian formalism. In Euclidean space it is somewhat arbitrary: one can choose one of
the Cartesian coordinates, say y to be Euclidean time, while the other x to be the space coordinate.
There are many other choices related to the previous one by rotations.

In CFT one usually considers another choice of "space” and ”"time” — the formalism of the so called
radial quantization. In that case equal time slices correspond to concentric circles centered at some
point zy, while the time "runs” in the radial direction. To make this picture more natural, we consider
the theory living on a cylinder R x S!, described by the coordinates 7 € [—o00, 00] and ¢ € [0, 27]. We
can map this cylinder to the complex plane with market points 2z, and oo by the exponential map

z—zg=e¢" u=oc+4ir = ds* =dzdz =" (dr* 4+ do?) . (78)
We see that the map (78)) is a conformal one, but not globally defined. It has two singular points z = z
and z = oo, that correspond to 7 = —o0 and 7 = o0
z=zyg+ e
Ri=e"1
T1 T2
Ri=e™2
-

The point 2y can be taken arbitrary and the result for correlation functions (Green functions) should
be independent on that choice. It is convenient to choose

ZOIO.

In the Hamiltonial formalism one studies Green functions — matrix elements between the vacuum
states. The dictionary between the path integral and Hamiltonian approaches reads as follows. For
each local field O(z, Z) one associates Heisenberg operator

O(z,7) — O(z, 2), (79)
while correlation functions correspond to Green functions
(O1(z1,21) . Ox(an, 2x)) = (OIT |O1(21,21) ... Onelzw, 2) | [0),
where T stands for chronological ordering (radial ordering)

o O(21,2)01(20,75) for |z1] > |z,
T 10 ,z21)O , = e
1(21 Zl) 2(22 Z2)} {02<22,22)01(21,21) for |Zl|<‘Z2|.



and |0) stands for the vacuum state. )
In conformal field theory, any conformal field O(z, z) with conformal dimensions (A, A) corresponds
by (79) to the operator O(z, Z), that might be expanded in modes on the plane

~

A _ On,ﬁ
O(2) = ) —mamms

n,NEL

E O(Cyl —inu znu

n,n€Z

or on the cylinder

We note that in general the modes (’)m m and (9 = are nontrivially related. For primary operators one

e Bz 2) = (sz—w)A (%)A@w’w)'

Taking w = u = ilog z (see ([78])) one finds
O(u, @) = i (—i)2 2222 D(2,2) = L =i (—0)2D, 5

However for descendant fields the relation is more complicated. For example, transformation law for

the stress-energy operator
A Ln A Tcyl  —inu
T =3 Tw= Y igte™,

nez ne”L

has the form (see (64]))
~ dw\? ~ c
T(z) = (E) T(w) + E{w,z}.
Taking w = v = ilog z and using
{'10 } — i
ilogz, 2} = ——,

one finds
T = (L) P+ - — for = © 7.
- 242 noT gm0

22

In the following we will simplify our notations and drop symbol for operators and their modes.
Sometimes, it might lead to confusions. For example, by the field — operator correspondence ([79) the
descendant field L_;O(z, z) corresponds to the operator

—

L_kO(Z, 2) — L_kO(Z, 2)
The relation of the operator m(z, %) to O(z, %) and L,’s is the following. By definition we have

1

L_kO(Z, 2) = 2—m

j{ (6 — 2)FT(O)O(z, 2)de =

! 1=k 2,z —
L ( /Ig 6= TO0 2

- omi

(€ — )OO, z>d5) ,

€1<z]
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that can be translated to the Hamiltonian language as

— 1

Z) = — — )T O(z, 7)dE —
1,0(:,7) ( /5 6= TT00 e

2

(6 — =)+, z)f@)ds) .

€1<z|

We note that for || > |z| one can expand
E—2) =P (k-1 4.

and hence

2%, e DOz, 2)dE = DO, 2) + (k= 12D o O(2.2) + ..
&>z

On the other hand for |£| < |z| we expand
(=2 = (=) = (k= 1)&(=2) " +...

and hence we have

1

57 J (€~ AT OEAT(EE = (=)' 70 2) Lot = (k= (=) Oz )0 .

It is instructive also to compute the commutator

£,.0() % L L () O(2)de — G ()T (€)de ) =
06N o ([ erf@owi- [ ¢ e ‘)
L e [Fedo] ge — 2 [ e (L, D1OG) AO(z)  00(2) _
=i ). € T [T(©)0(2)| dg 2m‘/cz£ ( +(§—z)3+(§—z)2+f—z+"'>d£
= 2"90(2) + (n + 1)A2"0(z) + w,z”_ll)l()(z) +... (80)

We note that (80) become particularly simple for primary field

~ o~

Ly, ®(2)] = (21789 + A(n + 1)2") &(2)

Having in mind such issues, we will simply erase - symbol.
The Hamiltonian H has the form

H—i/%Td = Lo+ Lo— — (81)
_271' . 70 = Lo 0 127

where the constant shift comes from the Schwarzian in transformation law for 7'(z). The vacuum state
|0) is an eigenstate of Hamiltonian (8I]). The vacuum state should be invariant under global conformal
transformations and hence

L,|0) = L,|0) =0 for n>-1.

Similarly, we have )
(0|L, = (0|L, =0 for n<1.
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The primary field with dimension A generates bra-ket states according to the rule

def

[A) £ 25(0)0) (A= (0]%(00) = lim (0]P(=)="".
Z—00
From the definition of primary fields these states satisfy the conditions
L,|A) =0, (A|L_,, =0 for n>0.

We define the representation Va, which is known as Verma module

def

L AA)=L_ ...L_»,|A)Y: L,JA)=0 for n>0, LyA)=A|A), AL > A >
is decomposed into the direct sum of finite dimensional subspaces (here |A| =X\ + Xy +...)
Van =span{L_x|A) : |[A| = N},
which are eigenspaces of the operator Lg:
LoL-AlA) = (A + [A)L_»/A)

On first few levels one has

|A) for N =0,

L_4|A) for N =1,

L_y|A) and L?|A) for N =2,

L_s|A), L_oL_4|A) and L*,|A) for N =3,

L_4|A), L_sL_1|A), L?,|A), L_oL?|A) and L*||A) for N =4.

In general there are p(IV) states in Va n, where p(NV) is the number of partitions of N. It is convenient
to define the character (holomorphic block of the partition function)

xa(q) def oy (qLo—ﬁ)

Va

Then we have
—2

— A A
xa(q) =g NZ:OP(N)Q =08
So far, we assumed that the values of the conformal dimension A and of the central charge c are
generic. In this case the Verma module V, is irreducible. However, interesting things happen for
quantized values of A. Remember, that we have postulated that ®a_y = I is an identity operator and
hence
ol =L 41 =0,

as it should be for coordinate independent field. But does that consistent with the conformal symmetry?
Evidently, we have to check that
L,L_1|A)=0 for n>0. (82)

Well, in our case A = 0, but we leave it arbitrary in order to see how does that happen. Actually, the
condition (82) is satisfied for all n > 1 identically. We only have to demand it for n = 1

0=L,L_1|A) = 2A|A).
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We see that A = 0 is necessary condition for the vector L_;|A) to vanish. But not sufficient or course.
We can claim that for A = 0 one can remove the state L_1|A), as well as all its descendants

L_ywL_1|A),

from our Hilbert space without violating the conformal symmetry. We call such a state a null-vector.
The fact that the null-vector vanishes leads us to the trivial conclusion that any correlation function
involving the identity operator should satisfy

D (1(2)®1(21) ... Bx(2x)) = 0.

Now we try to generalize this. On level 2 we have two states L?,|A) and L_5|A). Probably, we can
find their linear combination which vanishes, or, at least, can be safely removed from V. We have to
require

Ly (L2 +AL_5) |A) =0 for n>0. (83)
We note that here we have to impose two conditions (83) with n =1 and n = 2. For n = 1 we have
2(2A +1
(4A£243NL4|A) =0 — A= —%.
For n = 2 we have
2(2A+1) c 1
6A—?<4A+§>—0 — A—E<5—c:t\/(c—1)(c—25)>. (84)

Going further, we consider a descendant on third level
IX) = (ML2, 4+ AeL_oL_y + A\3L_3) |A).

If it is a null-vector it has to obey L;|x) = La|x) = Ls|x) = 0, but since L3 = Lo, L1] it is enough to
impose only first two conditions. Simple algebra gives

Lilx) = (6(A + )X 4+ 3X) L2 |A) 4 (2AM 4 4)3) L_5|A),
Lolx) = (G(BA + 1A+ <4A + g + 4) A2 + 5/\3) L_1|A).

We have three linear equations

6(A+ 1)\ +3X2 =0,
2A)\2 + 4)\3 = O,

6(3A + 1)\ + <4A + g +4)>\2 4 5A =0
for three unknowns (A1, A2, A3). So, the determinant should vanish
12(3(A+1)* + (¢ —13)(A+1) + 12) =0,

which has two solutions

A= (7—c:t \/(c—l)(c—25)>. (85)

=
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We see that the expressions for null-vectors (84]) and (85) look very similar. One can simplify them
by introducing Liouville like parametrization of the central charge and of conformal dimension

1

c=1+6Q Q:b+g, A=Ala) =a(Q — a). (86)
Then the singular vectors appear at the values
a0t _
Ty YT

on level 2 and

a=—b, a=—b"

on level 3. Corresponding null-vectors have the form
(L2_1 + b2L_2) |A) and (L?i1 + 4V L_oL_1 + 2b%(26* + 1)L_3) |A),

and similar expressions for b — b~!. One can compute null-vectors on higher levels in a similar manner.
General result states that at level N, for any two positive integers m and n such that N = mn, there
exist a null vector

‘Xm,n> = Dm,n‘Am,n> (87)

with (this result is known as Kac-Feigin-Fuks theorem)

-1 —1)p!
A= Am,n = A(am,n)a Amn = _(m 9 )b - (n 2 )b . (88)

The operator D,,,, in (87) is known as null vector creation operator. It is convenient to adopt the
following normalization

Do = L™ 4 ¢ (D) L_o L™ % 4 ¢y (D) L_s L™ + .. .. (89)

The coefficients ¢k (b) in (89) can be recursively found

cr(b) = % ((m? = 1B + (2 — 1)b72) ,
eo(b) = mlg ((m? = 1)V + (n* = 1)b2) + % ((m2 = 1)((m* — 4)b* — 5b* — 5) +

mn(m?n? — 1)
6

+(n*=1)((n* —4)p™* = 5b">—5)) +

For generic values of the central charge ¢, |Xm.n) is the only singular vector in the Verma module
with A = A,,,, + mn = A,, _,,. We can define the factor space

V! VAp

Va

m,n

without violating the conformal symmetry. The character of the corresponding factor space is

A — = mn
g~ =g
X, (@) = 5 ( - ),
[T (1 — ")
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ete.
It is convenient to think about representation theory of Virasoro algebra with the help of Shapovalov
form, that is Hermitian form defined by

(AJAY =1, (L)t =L_,.

We introduce Gram matrix

Gap & (AILLL_5|A) (90)

Clearly, it is block diagonal matrix G = {Gy, G1, G . .. } with block sizes p(N) xp(N). The degeneracies
of this matrix are closely related to the reducibility of the corresponding Verma module. For example,
one has

Gy = 24,

and hence the determinant det GG; vanishes for degenerate dimension A = A;;. In general, it is clear
that any descendant of a singular vector is orthogonal to everything else in Verma module

(Al LuL-x|Xmn) =0 forall X and p.

That is we have p(IN — mn) singular vectors on level N of the form L_x|xm.) with [A|] = N, which
implies that the determinant of the Shapovalov form on level N vanishes as

det Gy ~ (A — A, PO =) (91)

In fact it can be shown that taking the product of all factors ([@1]) with mn < N exhausts Kac determinant
completely

det Gy =Cy [ (A=A, (92)

mn<N

for some numerical coefficient Cy. Formula ([92)) is equivalent to Kac-Feigin-Fuks theorem. We will not
prove it in full generality. However, it is easy to show that (O2) provides correct degree in A. Indeed,
it is easy to show that the degree of the matrix element (90)) is non-greater than [(X) and (), where
[(A) is the length of partition A. Thus the degree of Kac determinant is non greater than

> )

|A[=N

There is a simple combinatorial fact thatd

DI = Y p(N —mn).

[A|l=N mn<N

81t can be proven as follows (here [,,(A) is the number of parts equal to n in partition )

DI SRLLEREED DD SIWTIED S | P zﬁn%:

=0  mn<N m,n>0 n>0 k>0 n>0 k>0,k#n 1—q
L 9 ( 1 ) = L = S i)
= Z _ _ on—1 q n _an _ on+1 o l = l()‘)q .

ol ¢ 1-g 9q" \1-q"/) 1-¢q n>0 A b
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Let us assume that we have a field ®(z) with A = Ay,
(L%, +0*L_5)|As1), (93)

and consider the following correlation function

(221, 2n) DAD(2)Py(21) ... Py(zn)).

This function satisfies partial differential equation

N
A 0
2, 12 k "
O+ Z((z—zk)2+z—zk)

k=1

U(zlz1,...,28) =0.

In the case of N = 3 this partial differential equation actually becomes an ordinary differential equation.
Indeed, in this case the projective Ward identities allow one to express derivatives 0 through 0. As a
result we have a hypergeometric equation for correlation function

& (< Ay 1 d Ara+ Ay
@—i_b <Z<(2—zk)2_z—zk£)_Z(z—zi)(z—zj)

k=1 1<j

U(z|z1, 29, 23) = 0. (94)

2 o
It is convenient to change W(z|z1, 2, 23) = [[_, (2 — 21)~ T W (2|21, 2, 23) in such a way that the term
with first derivative vanishes. Then (04)) reduces to

3
k=1

d—22+7'(z) B(elo 20 2) =0, T() =3 (b %) (95)
(i 7) (et s

The parameters 0 are given by

and three “accessory” parameters ¢, are subject to three linear equations following from condition of
vanishing of singularity at infinity

and hence are uniquely determined. Let us look for the solution to this equation in the form
U(z)21,20,23) = (2 —20) (1 +ar(z—2) +...) at z— 2.

In the leading order we obtain two solutions for A

b? b?
)\:bal_E and )\zl—boq—l—E.

These two exponents correspond to the following behavior of correlation function
U(z|21, 22, 23) = (2 — zl)A(o‘li%)_A(al)_A(_%) (Co(z1,22,23)+...) at z— 2z

We will interpret this as a fact that the degenerate field ®_, “fusses” with general field as

b
2

4 0a] = [,,5] + [0, 4], (96)
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We note that ([@0]) is similar to the formula of tensor products of representations of sly
T1L QMg =Ty 1 Dy 1.
2 2 2

Problems:

1. Compute singular vectors on level 4.

2. Let |x) be the null-vector at level N. How many equations provide the constraints L|x) =
Ls|x) = 07 Count the number of equations on level 5 and explain that the excess equations are
algebraically dependent from non-excess ones.
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Lecture 6: Free bosonic CFT I: path integral approach

Let us start with the theory of free massless bosonic field
1 2
Sle] = < / (Oup(z)) d*. (97)

First of all, we notice that this is our “patient”: the theory is conformally invariant (at least classically).
This follows from the identity

/@gp(w)@mp(w)d% = —2/8@(2, 2)0¢(z,2)dzdz, z=x)+iry, Z=x1 — iTo.

In this complex form it is obvious, that the action is invariant under conformal transformations

2=f©),  zZ2=r1Q).
The stress-energy tensor

def  OL 1 1 2
T = maﬂp — 0L = e ((%0&/%0 - 55;“/ (au ) ) )

is indeed traceless T}, = 0 and hence the components

™

2

. 1 = s . 1 -
T = (Th1 — Ty — 2iThs) = —5(&@2, T = 3 (Th1 — Ty + 2iT12) = —5(3@2,
obey

oT = 0T = 0.

on-shell.
Now let us study the theory (O7) quantum mechanically. It is easy, since the theory is Gaussian.
There are however some subtleties. Consider the partition function

Z = / [Dyle™®.

This integral diverges since the action does not contain the zero mode ¢ of the field p: Z ~ [ dp,. We
define the measure [Dy|" simply as an integral over all non-zero modes of the field ¢.

Moreover, anticipating that we will have to deal with infrared divergencies, we will consider our
theory in a finite volume. That is we impose the periodic conditions ¢(x1, 23 + 27 R) = (21, x2). Let
us compute the two-point function in this theory

1

Gle— 1) 2 (pl@)o(w)) = [Delel@iely)e ™.

As usual in Gaussian theory, one has to invert the quadratic form

~AG(x) = 410%(z) where &6%(x) = 6(z1) i d(xe 4+ 2mnR),

n=—oo
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Clearly

G(x) = Z K(|z = 2imnR|) where — AK(|z]) =476 (z).

Using A = 8 (r0,) + = 82 and integrating last equation over the disk of radius r, we obtair{]
—rK'(r)=2 = K(r) = —2logr + const = —log |z|> + const,

which implies

1
G(x) = —log <4s1nhﬁs1nhﬁ> 1Ogﬁ+0<32) at R — oo. (98)

We treat R as an infrared cut-off: it is assumed to be infinite, but we keep it large in the intermediate
calculations and then send R — oo in the final answer.
Multipoint correlation functions are computed by the Wick rules:

(p(@1)p(T2)p(T3)P(T4)) =
= (p(z )w(%))( (®3)p(x4)) + (p(x1)p(@3)) (P(T2) (1)) + (P(T1)0(T4)) (P (T2)p(T3)) =

G(x1 — x2)G(x3 — ) + G(x) — 23)G (22 — 4) + G(T1 — 1) G(T2 — T3)  etc

We note that the field ¢ does not look like a conformal field, its correlation functions behave logarith-
mically rather than power-like. Conformal fields in the theory (@7]) are represented by the exponential
fields

eof@ o cR. (99)

We are interested in multipoint correlation functions

(gere@) | ganp(en)y

One can compute these correlation functions by expanding exponents in series, then using the Wick
theorem and then resuming again. But it is better and much easier to use the following general fact,
that for any ® functional linear in fundamental field p: ® = [ J(x)p(z)d*x we have

(e®) = e2(®"), (100)
In our case

¢ = ZZ arp(xy) = /J(a:)ap(a:)dzac where J(x) = zz a0 (x — ).
k=1 k=1

Then we have

1e% @x 1e% @x ]' -
(e wp(@1)  giang( n)> = exp <_§ Zaz@ Zalaj 9)>> .
k=1

1<j

At this point we have a UV problem, since

9Add here how we integrate!!!
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A standard way to deal with it is to introduce the UV cut-off. It s not universal. There many ways to do
it, or as one says, there are many regularization schemes. In renormalizable QFT physically observable
quantities must be independent on regularization scheme used for their computation. We define the
scheme as follows
(p(x)p(x)) = —log 73
where 7y < 1. Then, according to (I00), the correlation function has the form
Za

k
(elne@) - planp(@n)) Zak H |25 — 25|70 (101)
1<J
Observables should be independent on the UV cut-off. We define the new field
o2 _o?
L petein = 0 F 2 E gio (102)

We note that the operator V,, depends explicitly on a scale and hence has an anomalous conformal

dimension A(a) = A(a) = 0‘72 Even for renormalized operators we see that the correlation function

(I0T)) vanishes in the limit R — oo unless the neutrality condition

> =0 (103)
k=1

is satisfied.
It is instructive to derive the anomalous dimension of the operator V, in different, but equivalent
way. We expand

> Lk

a a

e’ =Y E(pk, (104)
k=0

and express it in terms of Wick ordered quantities and then resum back. The field ¢* is not Wick
ordered. Namely, consider the correlation function

(@) (@) ... p(xn)).

If one knows how to compute these correlation functions for any n, one knows (in principle) how
to compute everything, like correlation functions of exponential operators (@9) for example. While
computing (I04]) one meets two types of contractions: either ¢(x)’s are contracted among themselves,
or with some of the p(x;)’s. For example,

() *e(@1) .. p(®n)) = (p(®)"){p(21) ... p(T0))+

+ ) {p(@)p(a) (p(@)p(x;)) (@) ... phar) ... pla7) ... p(an)),
i#j

(p(@) () ... o(mn)) = 3(p(x)) (@(x)*) (1) . . . o))+

+6(p(@)?) ) (p(@)p(@) (p(@)p(@;) (p(@1) .. pla) .. pla] . (@) +

i#]

+ ) (p@)e(@)(e@)e(a;) (e@)e(@)) (p)o(@)) x
i#jFERFE
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According to the formulae above one can define what is called Wick ordered fields (with our choice of
UV regularization scheme)

r2
R2

The field : O : is ordered, meaning that in correlation function it is contracted only with other fields,
not with the one entering the symbol of O. In general, it is clear that

o(x)? = p(x)’: +Go, (x)* = p(x)*: +6G, : p(x)? : +3G5 where Gy = —log

(k/2]
KOGl

k _ 0 . k-2l
7 (w)_zl!(k:—%)! TR

Substituting this in (I04]), we have

B2 kg

o0 a . GlO k9l oo [e’e] n+2l Gl m
_ I <" = 7 ap(x) .
;l:o ENICERIEAA ;Z% I @) =ee

Applying this to the field e**(®) we obtain

o2

2
glap() (T—O) 2 s elow(@) o) Va(x) = :

Re?

7 celor(@) (105)

Now, let us check the conformal Ward identities and find that V,(x) is actually a primary field.

First we note that while ¢() itself is not a conformal field, its derivative is. The two-point functions

have the form
1 1

(Op(2)p(w, w)) = - (Op(2)0p(w)) = L

(2 —w)’

In multipoint correlation functions we can use

Dp(2)dp(w) = —(z_ilw>2+ () 0p(w) =
1

=+ (0p(w))? : + : P(w)od(w) : (2 —w) + % :Pp(w)op(w) : (2 —w)* + ...,

(2 —w)?

where we expanded the right hand side at z — w.
Now, let us compute the OPE of T'({):

with V,(2) (we hide the dependence on Zz)

%QVQ(Z) i 0p(Q)Valz) : e
(= 2)2 C—2 +.T(C)Va()._(c—z)2+§—z +... (106)

We see that V,(z) is a primary field with the conformal dimension A(«a) =
should imply the conformal Ward identity

CV(2)  OVa(z)

T(¢)Val(2) =

1\3|QN

. As we learned, this

(T(Q)Vay(21) - Vi, (z0)) = Z ((CA_(OZ;)P + : ?ka

k=1

) (Var (z1) - Vi, (20))s (107)
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where we assumed that the neutrality condition (I03)) is fulfilled. Similarly one can show that

1 1 0p(€)0p(2) : 1 2T(z)  0T(z)

— +:T(C)T'(2) := + + +..., (108
P (R (S A (S A= oY
and hence the stress-energy tensor T'(z) = —1 : (9¢(z))? : defines the Virasoro algebra with the central
charge

T(OT(2) =

C =

As we learned before, two identities (I06]) and (I08) are enough to express any correlation function
of descendant fields through the correlation function of the primary fields only. In the free theory the
last one is pretty trivial

(WJajﬁnW@@m%»:{HKH%_amw =0
0 otherwise.
We note however, that the Ward identities or the OPE’s are universal. They do not depend on an actual
theory, being just the constraints imposed by the conformal symmetry.

We mention here the following important point. What we constructed in this lecture is the map
from the Verma module to the free fields, usually referred as bosonization. Namely, we have a Verma
module

VA = {(I)Av L—I(I)A7 L2_1(I)A7 L—Z(I)A7 L3_1q)A7 L—IL—Q(I)A7 L—3(I)A7 v }

and a Fock module (here all fields are assumed to be Wick ordered)

Fo = {Va, (00)Va, (09)*Va, (0%0)Va, (09)*Va, (09)(0*0) Va, (07 @)V, - .- }

The map 7 : Va = F, goes as follows (A = 0‘;)

(I)A l) Va, L_l(I)A l) ia(&go)va,

2 ™ 2 2 2 s 2 1 2 (109)
L? dp — (ia@ © —a(Jp) )Va, L_o®A — (zaa o — 5(8@) )Va,

For generic values of A = %2 this map provides an isomorphism between the two modules. However,

for special values of « it has a kernel. For example, for o = 0 all fields of the form

L _\L_1Pn

are mapped to zero. We interpret this as a fact that the field 1, is a degenerate field with A = A, ;:
it has a null-vector at the first level. In the language of bosonization it implies that this field together
with all its descendants vanishes identically. Next example of the kernel occurs at the level 2. There
are two fields

1
L2 1@ ~ (iad®p — a?(09)*) Vo and L_y®a ~ (iad’p — 5(0@)2)\/&.
They are linearly dependent provided that either v = 0 or o? = % First possibility corresponds to the

one we already know, the descendant of the null-vector for the degenerate field ®; ;. Second possibility
corresponds to the degenerate field ®; or @, for the special value of the central charge that we have
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¢ = 1. We note that it follows from (84)) that Ayy = Ay for ¢ = 1. This condition can be relaxed if
one consider the bosonization map for improved stress-energy tensor (see exercise 2).
Last, consider the product V,(z, Z)Vs(w,w). Let us bring it to the Wick ordered form. Using

k 1 1
et w, D) Zﬁ k'G Z_ ) el W,
: (2, 2)F iBe( . § : o : (2, 2)F Bo(wo)

we find that

o) k 1 1
iap(z,2 iByo(w,w) ZO& Zﬁ k'G (Z_ ) el W,
- plav(2,2) .. iBe( . E E o i L (2, z)l kifp(w,w) .
= ! Ll

|z wr

T20p . gloe(2:7) gifp(w,a) (110)

Using the relation (I05]) we can rewrite this in the form of OPE

Vil Vi, 0) = [z = 0 (Vsalio,0) 4 (2 = 0) S LVaa(w) + ) ot 2w (111)

a

a+ 3

We note that the degree 2o/ in (I11]) has a natural interpretation
aff = Ala+ ) = Ala) = A(f),

which follows from dimensional analysis of both sides of the OPE (ITT]).

Problems:

1. Show by explicit free-field calculations that (I07) is satisfied.

2. Consider the bosonization map 7 from Verma module realized by the improved stress-energy

tensor ]
_ 2 _Q 2 _ 1
T(z) = 2(8@) + \/58 ¢ where Q=0b+ b

Find the values of o at which this map has a kernel at levels 1, 2 and 3.

1
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Lecture 7: Free bosonic CFT II: Hamiltonian approach

It is instructive to rederive the results obtained in the previous lecture starting from the U(1) current
algebra. Namely, we have a current

J(2) = i0p(2), (112)
which satisfies an OPE )
We define the mode of the current J(z) applied to the local field O by

def 1 n
00(:) & oL 4 (6= 210N, (114)
Vw3 C,
Repeating the same calculations which lead us to the Virasoro algebra (69) we obtain commutation
relation for the modes (I14))
[, Q) = MOy, (115)

known as Heisenberg algebra. Among other fields there are U(1)-primary ones, which have the simplest
OPE with J(&)

J(EWVa(z) = évi(z; Yooat £z

which implies the following Ward identity

Qg

(J(E)WVay(21) .. Vay () = £ 2

(Var(21) o Vi (28))- (116)

M =

B
Il

Now we define the stress-energy tensor via Sugawara formula

awt 1 [ J(£)J(2)

'O =5 b a2

dg, (117)

where the components of T'(z) satisfy (I08]). Then in terms of modes Sugawara formula (I17) takes the
form

1 I
L, = 3 %akan_k, Ly = o) + ;a_kak. (118)

Then one can easily see that the field J(z) is primary field with A =1
J J'
_ I G

(-2 &-2

It implies that

1
J(f)wg at & — oo.
Substituting this asymptotic into the U(1) Ward identity (I16), one obtains a U(1) global Ward identity

<Z ak> (Vi (21) ... Vi (2)) = 0.
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Now we notice that the Sugawara construction (II7)) of 7'(§) leads to additional differential equations
on correlation functions. We have

OV, = L_\Vy = a_ragV, = 2% ) (€ — 2) 7 J(E)Va(2)de.

Applying this to correlation function, we get

(ak + )y ) (Vay (21) - Var (28)) = 0.

This implies
(Vo (21) - Ve () ~ [ [ (21 = 25

1<j

In Hamiltonian approach an exponential fields V,, corresponds to the highest weight state |«)
aplay =0 for n >0, apla) = ala),
which generates a representation of the Heisenberg algebra (I15) known as Fock module
Fp= span(aA|P) o A G_xy - - |P))

Then according to Sugawara formula (II8)) one can define an action of the Virasoro algebra with ¢ = 1
on Fp.
To be more precise, in radial quantization picture our bosonic field ¢(z, Z) admits the following mode

expansio - -
©(z,2) = —ig — iplog <%> — ZZ (a—;z_k + %Z_k) , (119)
k0
where the modes satisfy the commutation relations
[ﬁu Cj] = 17 [CLm, an] = [dma C_Ln] = m(sm,—na [ama dn] =0.
The absolute vacuum state |0) is defined as follows
p|0) =0, a,|0)=a,|0)=0 for n>0.

One can also define excited vacuum |a)

o) & lim : €759 1 0) = e*70) = fpla) = ala), axla) =ayla) =0 for n >0,
z—

where the normal ordered exponent called the verter operator has the form

 eio(=2) . goi (ZZ\ _ Ok i B*’“) (% -k %—z)
;e ,_eQ<R2) exp( a;(kz + kz exp a; kz +kz ,

10We note that (II9) corresponds to the most general central symmetric solution of the Laplace equation.
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i.e. we placed all the creation operators to the left of annihilation ones. We also define the Hermitian
conjugation by a = a_, and a = a_,, and hence the conjugated vacuum satisfies

(0la, = (0la, =0 for n<DO.

Let us compute the two-point Green function (we assume that |z| > |w|)
(2 D)p(w, 0) = (Ofe(z 2)p(w, )|0) = —(01d710) — (0ldplog (‘g ) + pilog () 10)+
+ kz% %<O’aka—k (%)k + apa (%)k )O> = —(0|¢%|0) — log (R2> + kz% %( (%)k + (%)k) =
> >

00 s (25) o (1~ 2) (- 5) = s

Comparing to ([@8) we find that the average (0/¢G%|0) can be identified to the IR cut-off R as
(0]¢%0) = 0. (120)

Now consider the product of two vertex operators (here |z| > |w|)
c glow(22) L piBp(w,d) . eaq(]z;) exp (—az ( Rk zk>) exp (az (a—gz_k + %z‘k>> X
k>0
1 () e ( DICEE S )) - (ﬁz (L0t “kw—k)) |

We note that this expression is not normal ordered. To make it normal ordered, one has to flip red
terms with red and blue ones with blue. Using Baker-Campbell-Hausdorff formula we know that if the
commutator of two operators [A, B] is a ¢ number, then one has

€A6B — €[A’B]6B6A.
In our case we have
o ~ ZE ak —k C_Lk ——k o ~ a_k k C_L_k _k
A=aplog g +ad (Tt + 7). B=pi-pY (Frut+ o)

and henc

o= (5) - X (9 <)) ) - (BE)" o
(1) ()

Exponentiating this results we obtain already familiar expression (I10)

|Z _ w|2aﬁ

R2o¢6

L glap(#3) . pie(wd) : elap(#2) piBp(wd) (122)

1'We note that the sum in ([I21]) converges for |z| > |w|.

48



Using (122) one can show that (here |z1| > |22 > -+ > |z,|)

|2 i ‘|20!iocj

1o (21,21 ian(2n,2n) ‘ZZ ard ‘Zi_z
0 : e 19(z121) L L glane(EnZn) H Tcaa; <0|€Z *0) = H —R2ajia—j (123)

1<j 1<j

where in the last equality we have used (I20). We note that the average in (I23)) is non-zero in the IR
limit R — oo only if the neutrality condition ), ay. = 0 holds. In fact it is convenient to set R =1
from the very beginning holding in mind the neutrality condition.

We note that formally one can consider holomorphic bosonic field

def ap _
p(2) = —ig —iplog(z) =iy =27,
k40

which is intrinsically non-local. This non-locality manifests itself as

{Ole(2)p(w)|0) = —log(z — w)

and for |z| > |w|
cele(z) L gife(w) . (z — w)o‘ﬁ . glow(2) gife(w) (124)

On the other hand for |z| < |w| one has
67;5@(1”) » eio“p(z) — ('LU . Z)aﬁ . eiacp(z)eiﬁgp(w) — eiﬂaﬁ(z _ 'LU)aB : 6iago(z)eiﬁcp(w) - (125)

Comparing (I24) and (I27)), one finds that the operators : ¢?*¥(?) : and : ¢#*() obey fractional commu-
tation relations (for simplicity we have hidden normal ordering signs ::)

{eiw@)em(“’) for |z| > |w|, (126)
€

iap(z) Lifp(w)] _
T [e*¢Pe ] inaf gifp(w)giow()  for |z| < |wl.

It is interesting to study the bosonization map (I09) in Hamiltonian approach. We discuss it here
for generic values of the central charge c. We will use the following parametrization (compare to (80l))

1
c=1+6Q°, Q=b+3, A=A(a)=a(@Q-a)
Moreover, here (and only here) it will be convenient to generators of Heisenberg algebra
ap — apV2 = [am, an] = %5%_”

Every state from Verma module VA with
A=a(Q - a),
is mapped to the state from Fock module F, according to the formula

1
Lp—35 > aganp_ptaa_p

L_xJa) —== » Y CR(a)ayla)

l|=[A]

Problems:

1.
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Lecture 8: Free fermionic CFT, boson-fermion correspondence, vy system

We consider Euclidean theory of massless Dirac fermions
1

1 _ _
S = = / Uy JUd?z = g / (V 00 + o) d’=, (127)

01 0 —12 -
() () () v e

Classical equations of motion following from the action ([I27)) are

where

o = op* =0, oY = oY* = 0.
The non-trivial two-point functions are
(W (2)p(w)) = (W ()¢ (w)) = L (W (2)g(w)) = (Y(2)P"(w)) = -

Z—w zZ—w

Since the theory (I27) is Gaussian its correlation functions are computed via Wick rules. For example
(here the minus sign between the two terms is due to the Grasmanian nature of the field )

(0 (22 (w0 ) (20 () = — L1 1

21 — W1 22 — W2 21 — Wz 29 — Wy

In general, the correlation function is given by Cauchy determinant

(W ()b (an) ... 0 (b)) = det ( ) . (128)

2 — Wy

We will treat the theory (I27) as a representation of fermionic algebra. We have two holomorphic
current 1 (z) and 1*(z) (and two antiholomorphic), which satisfy the OPE

B W) = —— ... Pep(w) =reg, ¥ (2)y*(w) = reg (120)

Z—w

One can defined their modes as

1

50(z) 4 L fé (€ — b0, $roz) L 7{ (6 — 2y H(©)O(2)de.

2mi 21 Je,

Then one can computes their commutation relations. The only non-trivial one is

[0, 630(2) = (0 + 020,)O(z) = ﬁ 7{ f (6 — 27 H 0y — =) 1 ()0 (=)dedy =

- h 72(& — ot - (g ) Oy =500,

We have
{%, 'lvbs} = {¢:> ?ﬂ;} = 07 {’lvbw ?ﬂ;} - 57“,—5 (130)
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We note that if one requires the locality of an operator O with respect to currents ¢(z) and ¢*(2) , the
indexes in (I30) must be half integer r,s € Z + 3. We call such fields Neveu-Schwarz fields (NS). One
can also argue that it is natural to assume the existence of the fields wich are semi-local with respect
to the currents ¥ (z) and ¥*(z). In this case the modes of ¢, and 1 take integer values.

We define the fermionic Wick ordering as

() (w) 1= (2 () — —

z—w

Then one can define the U(1) current algebra inside the fermionic algebra

J(z) =% (2)Y(2) - . (131)

Using (I29) one finds

J(2)J (w) :ﬁju,,, (132)

which coincides with (II3). Regular term in (I32]) can be associated with the stress-energy tensor.
Explicitly, one has

1 * *
T =2 (00— ow) -
which defines the Virasoro algebra with the central charge ¢ = 1, as it should be. One can also check
the following OPE’s

V() () VN (2) | Wr(2)

TE)(2) = + Fo TEW() = + o
)y (2) E—2F E-. (E)y™(2) =7 T E-.
which means that the fields ¢(z) and ¢*(z) are both primary fields with conformal dimensions A, =
Aﬁ¢*::%.
We have two realizations of the same U(1) current algebra (I12) and (I31]), which implies
i0p = v (2)(2) (133)

Formula (I33)) is known as bosonization. It terms of the modes, it reads
ap = Z : w:w—r—i-n :
TEZ+%
The bosonization formula (I33) can be inverted
YD) = D, () =

Actually, it will be more convenient to work in terms of holomorphic bosonic field ¢(z) and holomorphic
vertex operators : €% : with commutation relations (I26). We note that (I26) implies that for a8 € 2Z
these fields commute, while for a8 € Z they anti-commute i.e. behave as fermions. We identify

) =: ) P* = e7¥0) (134)

which has correct OPE (I29). In terms of correlation functions, the relation (I34) is equivalent to
Cauchy determinant identity

det< ! )_(_1)an‘<j(zi—zj>(wi—wj)'

2, — Wy [T5, (26 — wi) (135)
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We note that the bosonization map identifies more vertex operators : e**) : with k € Z with
fermionic operators. In particular,

. . . 1 . 1
DB = ) 1, e = Gyt s 3E) = 3" P =, eI = 3" P oY 1 ete

Consider highest weight representation § of the fermion algebra (I30). It is defined by the highest
weight state |0) (an image of an identity operator)

p0) = ¢7[0) =0 for r>0.

Then the module § is spanned by the vectors of the form
def

¢—Twis|0> = (w—rl,l?b—rz e ) (¢islwi32 e ) |O>’ (136)

where r = {ry > ry > ...} and s = {s; > so > ...} are two strictly decreasing sequences.
It is convenient to think about representation § in terms of particles/holes and Dirac sees. Namely,
we introduce absolute vacua state |&) by

Yr|@) =0 forall 7.

Then the vacua state |0) corresponds to the semi-infinite product state
10) = Y1vpstps ... |@).

It can be interpreted as follows. We have an infinite line R, where R is all filled by particles at positions

%, % etc and R~ is empty (or filled by holes). Then ¢ _,. creates a particle at position —r and ¢* , deletes

a particle at position s (creates a hole at position s). The corresponding sequence of particles and holes
is usually referred as Maya diagram. We also define dual absolute vacua state (&| by

(B, =0 forall r = (0] = (@]... Piiai.
2 2 2

Then the state conjugated to (I36]) can be represented as

« def

(Othsthr: = (O] (- .. Wsyths, ) (- - 0505

There is a nice bijection between Maya diagrams and charged partitions, which can be explained by
the following picture

N\

N\

N

N\ /

ottt ) \< >/

(0]
(0]
0]
0]
v ?

"
=X
=X

!

3 9
2 2

-
N
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where the “charge” of Maya diagram is a distance between the origin and the bottom corner of the
Young diagram. Any Maya diagram has its charge given by an eigenvalue of the operator

= Y = [G] =, (6] =,
TEZ-I-%

and an energy given by an eigenvalue of the operator

Lo= Y vt r = [Lo,tb) = =1y, [Lo,07] = =14}

TEZ-I-%
It is interesting to compute the character of the fermionic module § (the partition function)

Z(q,t) < tr (g"ot) (137)

.
According to boson/fermion correspondence, there are two ways to compute this character.

1. Bosonic way: at any value of ¢ we have the bosonic Fock module F,, which implies the character

formula
Ztczqz+>‘|—<H ) Z qztc (138)

c=—00 k=1 c=—00

is the Jacobi theta function.

2. Fermionic way. At position (k + %) for £ > 0 we have two options: a hole with weight 1 and a
particle with weight t_lq’”%. Similarly, at position —(k + %) for k > 0 we could have a hole with

the weight tq"“’% and a particle with the weight 1. Since all the positions are independent we have
for partition function

Z@a.t0) =] (1 n tqk_%) (1 n t—lqk—%) . (139)
k=1
Comparing (I38) and (I39) we arrive to the Jacobi triple product identity
I1 (1 + tqk_%> (1 + t—lq’f—%) (1—q" Z gt (140)
=1 c=—00

Another system, that we consider is the § — v system
1 _ _
S= / (807 + BOy) d*z, (141)

where now, compared to (I27), fundamental fields (3,7, 3,7) are considered as bosonic variables in the
path integral formalism. We have two holomorphic current 5(z) and 7(z), which satisfy the OPE

WR)BW) = ——+...,  p)Bw)=reg,  )y(w) = reg (142)

Z— W

One can defined their modes as (where 8 and ~ have conformal weights 1 and 0 respectively)

5,0() % L ]4 (6 - 2 BEOOR)E,  70() % L 74 (€~ 27 (O)O(:)de.

27 Je, 2m
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Then one can compute the commutation relations

1B, Bs] = [rs7s) = 0, [Bryvs) = Or,—s

For the choice of weights 1 and 0 the stress-energy for v system has the form
T = B0y

and has the central charge 2.
Correlation functions of S+ fields are computed by the Wick rules

Bl )v(wn) .. Bla)y(wn)) = ——— 1+ 1 —l—Perms:perm(Zi_le) (143)

Zl—w122—w2. Zp — Wp

We note that compared to fermionic case (I28) there are no signs in (I43)) and this correlation function
can not be written as a determinant but rather as permanent.

One can try to find a representation for the algebra (I42]) similar to the one in fermionic case (134)).
A naive attempt 3 ~ ¥, v ~ €¥#? would fail since the 3 — « fields are bosonic and in particular

This field can be bosonized by two holomorphic bosonic fields v and v as

(u(z)u(w)) = (v(z)v(w)) = —log(z — w)

as (we note that here normal ordering is not needed)

—u—1iv

T=e

Then the 3 field should be a level one descendant of e“™®. This follows from charge conservation and

dimensional arguments. We have .
B =: (MOu + \dv)e" ™+ .

Computing the OPE one has

B(2)B(w) = _Meu(z)—ku(w)-ﬁ-iv(z)—l—iv(w) + reg, B2y (w) = AL+ idg

(z —w)? zZ—w Tree

i.e. we have \; = 0, Ay = ¢, which leads to Friedan, Matrinec and Shenker bosonization of S system [2]
B=i:dve y=e v, (144)

Using the bosonization formula (I44)) one can compute correlation functions. The result should be
the same as the one coming from fy—system Wick rules

(B(z1)v(wr) ... B(zn)Y(wn)) =

= (eulV) | euln)gmulun) - pmulwn)y g

_ [1(zi — wy) Tz — 2) (w; — w;)
Tz — 2) (wi — wy) Ors - Ou [Tz — wj) - (145)

. azn<eiv(zl) . eiv(zn)e—iv(wl) o 6—iv(wn)> _
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The equality of both representations (I43]) and (I45]) can be viewed as a bosonic version of the Cauchy
determinant identity (I35). It is basically equivalent to Borchardt’s identity

1 1 1
det < ) perm ( ) = det <7> .
2 — Wj 2 — W; (zi —w;)?

Problems:
1. Consider generalized stress-energy tensor
T(z) =X : O™ X9 : O™ .

Find the conformal dimensions of ¢ and ¢* under this 7'(z). Compute the central charge.
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Lecture 9: Operator algebra in CFT, conformal blocks

We introduce the notion of operator algebra. Suppose we have a theory and a complete set of fields
{0} = {04, 0,,...}. Inspired by the intuition learned from free field CF'T, we formulate the hypothesis
of the operator algebra. Namely, we assume that the product of fields can be expanded in neighboring
points

ZC’“ (x —y)Or(y) at x= — vy, (146)

with CZ(:B — y) known as structure constants of operator algebra, which are the functions depending
only on difference of points (due to translation invariance). As we already saw many times, the relation
(T4d) should be understood as a series of relations on correlation functions

(O;(x) ZC’ka:— (Op(y)X) where X =0 (x1)...0; (x,).

By performing OPE, any N-point correlation can be reduced to the sum of two-point ones, which
are universal in CFT and considered as known quantities. The set of structure constants satisfy the
condition of associativity

Z Cllflz )02423 L2 — w3 Z Czlfz 1 — 333)01213 (332 - w?’)a (147)

also known as bootstrap equations in CF'T. It can be thought as an infinite system of quadratic equations.
In general, this is the task which is hardly believed to be accomplished. However, as we will see in 2D
CFT the conformal symmetry puts strong constraints of the coefficients CZ(% — vy). So strong, that in
some cases (I47) can be solved.

Let us consider 2D CFT. As we learned it is enough to study the correlation functions of primary
fields. Consider the OPE of two primary fields

(2, 2)Pa(w, 0) = Y Cf (2 — w) s8-8t (5 gy Ri-Ba-BatRgAA (1, p), (148)
kA

here A and A are the partitions
A:{)\lz)\QZ}, 5\:{5\12;\22}, |)\|:)\1+)\2+, ‘X‘:Xl‘i‘XQ—'—

and
A def = _
SN w, w) = (Loy, Loy, ... ) (Lox, L 5, ...) Pp(w, @)
is a descendant of the primary field ®;(w, w). The coordinate dependence of the OPE (I48) is completely
fixed by scaling properties. The coordinate independent coefficients CfQ’A’A is what is remained to
be determined. In fact there are infinitely many constraints on them following from 2D conformal
invariance.

Let us “act” on (I48) by
1

n+1
5 C(C w)" T (¢)d¢ n >0,
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where the contour C encircles both z and w in counterclockwise direction: C = C, + C,. On the left
hand side of (I48])) it acts only on ®;

L — )"t > :L )t A1 Di(2)  0.P(2) _ )
= o = b f c-w <(C_Z)2—|— — +,,,)d< (o), (149)

where

L, = <(z — W)™, + (n+ 1)A (2 — w)”).
While on the right hand side it acts simply by

oM w, @) = L®pNw, @) = > AN w, ). (150)
l=Al-n

Applying (I49) and (I50) (and similar antiholomorphic equations) to the OPE ([I48)) one finds

OB (A +nA = Mg+ [u)) = Y CMAD,

[Al=[pl+n (151)
O (A +ndy — Ao+ |p)) = > CEMAS

A=l +n

These relations are enough to find them uniquely (for generic values of the parameters). We note that
because of commutation relations (here m,n > 0)

L L] = (0 — 1) Lnpans (Lo L] = — (1m0 — 1) Ly,

it is enough to impose (I3I) for n =1 and n = 2 and the rest will follow.
We note that the partitions XA and A enter (I51]) completely independent. It is clear that the solution
can be represented in the form

C’ff"j‘ = O% BxBs where by definition By = 1.

Here C%, is the structure constant which gives the contribution of the primary field ®;, in the OPE of
®; with ®,. The constants 3 encode the relative contribution of the descendant fields. The structure
constant C%, factors out of (I51]) and we have

Bu(Dp+ndi = Do+ ul) = Y BAL Ba=1
[Al=]pl+n
(152)
L,y = ) A0
|ul=|x|-n

As we already mentioned, it is enough to consider (I52)) for n = 1 and n = 2 only. It is convenient to
imagine, that we are computing the following function

®1(w) = By (w) + (2 = w) AL @(w) + (2 = w)* (BL2, Bu(w) + frLooi(w) ) +
+ (Z — w)2 (BD:DL?)—l(I)k(w> + ﬁBjL_gL_l(I)k(U)) + ,BEL_g(I)k(U))) + ... (153)
All the coefficients 8y in ([I53]) are computed recursively by (I52)). Consider first examples
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Level 1:

Ap+ Ay — Ay

(Ap + A1 — Do) =200 = o= A
k

(154)

provided that Ay # 0, which we assume.

Level 2: We have two states
(B4L% 1@k + Lo ®y)

From level @ with n = 2 we obtain
(Ap+ 201 — Ay) = BAL + BrAT  where A =64y, AZ =44, + %
From level 1 with n = 1 we obtain
Bo(Ap+ Ay — Ay +1) = BA- + BrAT where AT =228, +1), AT =3,

Altogether we have a system of equations

(A + A1 = A) (A + A1 — Ay + 1)
2A

(A + 201 = A) = 60 + (40 + g) B

=2(2A; + 1)Bg3+ 38n

This system is non-degenerate, provided that the determinant

2(2Ak—|—1) 3 . 2 o ¢

does not vanish. We note, that the determinant actually vanishes at the values

_ b—c*/(c—1)(c—25)
B 16 ’

Ay

which are exactly the values of conformal dimensions of the degenerate fields ®(; 2y and ®(5 ;). Similar
phenomenon holds at level 1: the coefficient 3, has a pole at A =0, i.e. at A = Ay, (see (I54)).

In general, at level N we have p(N) constants Sy with |A| = N subject to p(N — 1) + p(N — 2)
relations, provided that the coefficients 5, with || = N — 1 and || = N — 2 are known. In fact

p(N) <p(N —1) +p(N —2), (155)

so we have an over determined system of equations and it looks puzzled that we have a solution. The
resolution of this puzzle is hidden in the fact that the equations followed from ([I52) for n =1 and n = 2
are not all algebraically independent. First example of an algebraic relation is

[L1, [L1, [La, La]]] + 6[La, [L1, Lo]] = 0,
and hence we have to correct (I53]) by subtracting an auxiliary term

p(N) <p(N —1)+p(N —=2) = p(N = 5). (156)
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In fact, there are more algebraic relations. If we take them all into account, we will correct the inequal-
ities (I55), (I56) to equality known as pentagonal number identity

p(N)=p(N —1)4+p(N —2) —p(N—=5)—p(N =7)+p(N —12) + p(N —15) + .. .. (157)

It follows from the identity

o0

> k(3k—1)
Hl—q (Vg =1-q-++q —q® ="+ (158)

k=—00

Indeed from (201]) one has

1=mﬂ(l—qk)= (ZP(N)QN> l-¢-++q —d*—¢"+...),

k=1

which implies (I57]). We note that the pentagonal number identity is a special case of Jacobi triple
identity (I40) with
9=, t——qt
The calculation above can be formalized with the help of a dual “basis”. Consider a generic descen-

dant
Y =L_yL_y,... P

Suppose we found a generator x € Viry

def

XA = Z aXL, where L, =1L,L,,...,
lal=|Al
such that
a0y = @y, APy =0 forall XN #X |X|=]A.

We note that the matrix a¥ is nothing else, but the inverse Gram matrix

) AlLuL_s|A)
a = (T7H*  where F“:<“—.
= L)
The examples of the vectors from dual basis are
1
XD - ELD
= L, — L_s,
T 8A, BAZ+ (c—5)Ac+5) ' 2(8A7+ (c—B)Ar+2)
3 ) 20, + 1
XI:D = — —2

L%
2(8AZ 4 (¢ —5)A,+5) T SAT T (c-5)DAs T <

etc.
Given the dual basis constructed, it is easy to show that

1 def
_ © X _ Ap—A1—As el
Ba = G w)s m E a\L, - (z —w) where L, =...L,,L,,.
=1\
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We note that there is another in a sense more transparent way to compute the same expansion.
Namely, we can rearrange the states by derivatives of quasiprimary fields

& (w) = Op(w) + (2 — w)p1 L1 Py + (2 — w)? <p2L2_1 + 1y (L_2 - mlzz_l)) O+ ... (159)

By definition, L, kills quasiprimary fields. It is clear, that acting by L; only one stays within given
quasiprimary family. For example, for coefficients p; in

Op(w) + (2 — w)p1 L1 ®p + (2 — w)*po L2 Pr(w) + (2 — w)’ps L2 Py (w) + . . .,
we have a recursive system
20kp1 = (Ak + A1 — Ay),
3(2Ak + 2)p3 = (Ak + Al — Ag + 2)p2,

which can be explicitly solved

ﬂAk+A1—A2+j—1

1
PN =N N+ —1

7j=1
We can proceed further and collect the derivatives of the next quasiprimary field in (I59)

(z —w)? (1/0 (L_2 — mﬁl) O+ (2 —w)nL_y (L_2 — mﬁl) dp + .. ) .

Clearly, we have
Vo A2 A Ayt
N_N!j:1 20k +2)+j—1

The coefficient 1y can not be determined from commutation relations with L; only, since the quasipri-

mary state L_o + m[’%l belongs to its kernel. One has to use Ly as well. In fact, we know
that

Vg = BD:h

which was found before.
We note here a strange singularities of the coefficients p; of the form

1
20, +1°

P2

This fake singularity is cancelled by the term ngl in

3 2
(“ T 2eA D) L—l) i

It can be shown that the only singularities of 8y’s are located at the values A = A, ,,.
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Applying the OPE (I48) to the 4-point correlation function, we obtain

(P1(21, 21) Pa(22, 22) P3(23, 23) Pa(24, 24)) = Z Chylar — 2| Br=B1782)x
k

X ZﬁAﬁX(zl — 2)(z — 22)‘5\|<((L—>\1L—>\2 N Los Loy, ) Pk(22, 52)) D3(23, 23) Py (24, 24)) =
A

2

= Z CiaChaa Z(Zl ) TN (ﬁ—x (22— 23)" (22 — 24)" (23 — 24)734> =
k pY 2
= ZCECkﬁA Z (1“—1)/; (ﬁu . (zl — Z2)Ak—A1—A2> (ﬁ—A . (2’2 — 23)“/23(22 _ 2,4)724(23 _ 24)734) ’
k A A= p]

where Yo3 = A4 — Ak — Ag, Vo4 = Ag — Ak — A4 and V34 = Ak — Ag — A4 and

Ca s : _1)a, |
'C—)\ d:f E—)q‘c—)\z R E—n = § ((n ) - 8] 1) :
j=3,4

(27 —22)" (25— 22)"

In the third line we used the explicit form of the three-point function. We see that the 4-point function
has split into a sum of modulus squared of holomorphic functions
2
(@1(21, 21)Pa(22, 22) P3(23, 23) Pu(24, 24)) = ZCfQCk?A}JTAk (A1, Ag, Az, Ayl21, 22, 23, 2’4)} ;
k

where

def z : n Ap—A1—A
fAk (AhA27A37A4‘Z17Z27Z37Z4) = aA(EIL ’ (Zl _Z2> k ! 2)X
A A= pl

X <£A_)\ . (22 — Z3)A4_Ak_A3 (ZQ — Z4)A3_Ak_A4 (23 — Z4)V34) (160)

is known as a conformal block. It sums explicitly the contribution of entire conformal family. And this
sum is universal in a sense that it does not depend on dynamics of the theory.

In fact, it is rather inconvenient to work with the definition (I60). The problem is with the action of
the operator £_,, which produces many terms inconvenient for “logarithmization”. The computation can
be facilitated by remembering the projective invariance of correlation functions. Namely, the following

formula (72)

(@1(21, 21)Pa(22, 22) P3(23, 23) Pu(24, 24)) =

Z3|2(A4—A1—A2—A3) |Z A1+Az—A2—Ay) |Z3 o Z4|2(A1+A2—A3—A4) %

= |21 — 24| 222y — 2—Z4|2(

X lim (P44(Dy (2, 2) Dy (0)P3(1)Pa(¢, () where 2= (21 — 22)(25 — 24)

=00 (21— 21)(23 — 22)

It means that it is enough to find z4 — oo limit of the conformal block

(As,0) (Ag. 1)
)- \ A /
/

(A z) 61 . (A4, 00)

Ay Ag
JAVRVAV

Fa(




which we define as follows

Ay Aj
Ay Ay

Fa(

d

L= LuLy, L,=2"0.+n+1)Az2",
ﬁ_)‘ = <_£—>\1>(_£—>\2) ey, Lo, = x‘"“@z + (—n + 1)A3(L’_n.

All this can be formalized as follows. We introduce the matrix element

S (g2 (£ ata )

IAI=]ke]

r=1

where

(AL () LoaA) £ lim [CP2/(2(0)®a, (2, 2) (¢, ),

L.x=L_\L_..., L,=...L,L,.
This matrix element is computed with the help of Virasoro commutation relations and
[Ln, @i(2)] = (2", + Ap(n+ 1)2") Qp(z) = L, - Pp(2).

Note that '
(Lo Ly ®4(2)]] = Ly - Lo - Pp(2),  Dp(z) ~ 227878,
Using these commutation relations, one can compute any matrix element
(ML L AA) (ML Bi(2)L A]A)
(A]@x[A) =1 (N](2)|A)

which is some polynomial in A, A’ and Ay.
In these terms the conformal block is given by

(161)

(162)

(163)

Ay Ay A-y-dariAl (po1ye (Ba|P3LA|A) (AL, P1]Ag)
Sa z) = z 1A AL r
<A1 Ay > Iklgul ( )" (Ag|D3]A)  (A]Dy]A)
Explicitly, we have
Ay A A Ar—A < (A+ Az —AYA+ A — Ay) )
5 z) ==z T2+ Z4+ ...
. <A1 Ay ) 27
In Hamiltonian language the expansion (I62) can be viewed as an “insertion of a complete set of states”
17 =7 37 SN (D (LAY (AL,
IAI=lul

and the z dependence in this formula is due to the fact that operators are taken at different time slices.

Using the conformal block decomposition, one can rewrite the associativity condition (I47) as

S i (yr sl = o (5 S

Probs:
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1. Solve ([I52) for level N = 3. Find the values of Ay for which the determinant of the corresponding
matrix vanishes.

2. Consider the case A; = A(a), Ay = A(B) and Ay, = A(a + ), where
Ale)=a(@=-0a),  c=1+6Q7

and show by explicit calculations on first two levels that the OPE coefficients 8y’s coincide with
those following from the free-field formula

_ _ RAaB _ _
: e\/iago(Z,Z) .. e\/iﬁgo(w,w) v e\/iago(Z,Z)ex/iﬁgo(w,w) .
> : |Z — w|4a5 : .
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Lecture 10: Space of conformal blocks
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Lecture 11: Zamolodchikov recursion formula

There is very efficient algorithm for computing of the conformal block suggested by Zamolodchikov. we
will study the pole structure of the four-point conformal block (I62]) following [3]. This function, being
considered as a function of the intermediate dimension A has poles at Kac values A — A, ,, (see (8F)).
Clearly, the poles come from the inverse of the Shapovalov matrix (Q0). At A = A,,,, there is a singular
vector at the level mn

IXm.n) = Dmnl|Am,) where D, = L™+ cl(b)L_gLTI‘_2 + CQ(b)L_gLTI‘_g + ..., (165)
with (see (89)
mn
6

From the Kac determinant formula (@2]) we know that for any two partitions A and v the following
holds |A| = |v| +mn

= (m* = 1)* + (n* —1)b7?%) et

(A|LAL_y Dy | A) ~ (A — Ay )
We can compute the conformal block (I62) in any basis we like. We take the following one
L xA) if X={...,1,...,1},
——

4 def
L—A‘A> = k<mn
L_,Dy,n|A) otherwise

In this basis one can write

Ay Ag
JANRWAV

Z) e (f—1))\ (Ay|@3L_x|A) (AL, D1|As)
n

8 DA (AR

IA[=]pel

where
def

Tux = (A|LLL_A|A).
Clearly, only the vectors L_, Dy, ,|A) lead to the singular behaviolZ. Moreover, one has
(AID}s Ly LDl A) = (Al L L p| A (Al Dy A) + O((A = A )?),

where we have used the relation
Apn+mn=»A,,_,.

121t follows from the formula for determinant of the block matrix (provided that D is non-degenerate)

det (é g) = det(D) det(A — BD™'C) = det(D)det(A) +...

: o 4 A B A B PR
Then any entry of the inverse matrix is of the form (—1)* det o D /det c D where (A, B',C’", D’) were

obtained from (A, B,C, D) by erasing one row and one column. Clearly, only the elements with D’ = D lead to the
singular behavior.
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Collecting all this one arrives to

Restia (30 372)] o = (ma)

X Z SAm,—n—A1=Aoty| (1";1 > (A4g|P3L_y Do Arin) <Am,n|D;';L’an<I)1|A2>
m,—n vp

‘Vlz‘P‘ <A4|¢3|Am7n> <Am,n|®1|A2> ’
where .
T =  lim (A1 Dinal2) (166)
T AS A, A= Ap,
Moreover, we have
<A4|(I>3L—VDm,n|Am,n> _ <A4|(I>3L—V|Am,—n> <A4|¢3Dm,n|Am,n>
<A4|(I)3|Am,n> <A4‘(I)3‘Am,—n> <A4|(I)3‘Am,n> ’
<Am,”|D:1,nLPq)1‘A2> _ <Am,—n|Lp(I>l|A2> <Am,”|D7—!—1,nq)1‘A2>
<Am,n‘q)1‘A2> <Am,—n‘q)1‘A2> <Am,n‘q)1|A2>
Collecting altogether one has
AZ A?) o Rm,n AZ A?)
Res %A(Al A4 ‘Z> ‘A:Amyn— Tmn %A7n’7n (Al A4 ‘Z>7 (167)

where

<A4|(I>3Dm,n|Am,n> <Am7n‘D;z,n(I)1 ‘A2>
<A4|(I)3|Am,n> <Am,n|(1>1|A2>

Our next goal is to compute the factors r,,, and R,,,. The last one is relatively easy. Consider first
examples

Rm,n =

<A4|®3D1,1|A1,1> — . ZA4_A1'1_A3
(Ay|®3]AL )

:(A(Oés) - A(OM)),

z=1

and

<A4‘(I)3D2,1 |A2,1>

= (ag — b2 (z—laz . A32_2)>ZA4_A2’1_A3

(Ay|P3|As 1) 2=1
= (Ay— Aoy — A3)(Ay — Ay — Az — 1) — B> (Ay — Agy — 2A3) =
- (A(ag) Ao+ g)) <A<a3) — A - g)) ,
and

<A4|¢3D371|A3,1>
(Ay|P3|Az 1)

R :(A(Oég) — A(OZ4)) (A(Oég) — A(OK4 -+ b)) (A(Oég) - A(OA4 - b)) (168)
It suggests the following generic formula

<A4‘®3Dm,n‘Am,n> . rb sb~!
et § A GG Mot 3+75)) (169)

r,s
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where the product goes over the sets
r={m-1m-3,...,3—m,1—m} and s={n—-1,n-3,...,3—n,1—n}. (170)

The explicit formula (I68) is a manifestation of the fusion rules for degenerate fields. We have
already seen an example of such fusion (96l)

(I)QJq)a — [(I)a+%] —|— [(I)a_%], (I)LQ(I)Q == [(I) bfl] + [(I) bfl].

at—— a—"5—

In particular it implies that

(1)2,1(I)m,n = [(I)m—l—l,n] + [(I)m—l,n]a (I)l,2q)m,n = [(I)m,n—l—l] + [(I)m,n—l]-

Both these fusion rules can be interpreted as sl(2) fusion rules. Namely, the product of 2-dimensional
and m-dimensional (or n-dimensional) representations of s[(2) is the sum of m + 1-dimensional and
m — 1-dimensional representations (n + 1-dimensional and n — 1-dimensional). Then using associativity
of the OPE, one finds that

By =3 [@M%%], (171)

where the sum goes over the set (I90). Now consider the matrix element (I69). The state D, | A ) =
|Xm.n) is a singular vector which one can consistently set to zero

<A4|(I)3Dm,n | Am,n)

= Dy 2™t Amn =88 = 172
(a[Tal ) n? 0 (172)

where D,,, ,, is a differential operator obtained from D,, ,, according to the rules (I61]). Comparing (I72])
with (I71)) and taking into account large Az asymptotic, one arrives to the r.h.s. of (I69).
Similarly, one has

(B Dy n®1]B2) rb sb!

which implies
rb  sb7t rb sb!
Rmvn = l;s[ <A(a1) - A(a2 + 5 + T)) (A(Oé?)) - A(CM + 5 + T)) .

The constant r,, , is more complicated. From its definition (I6G) it is clear that 7, , is a polynomial
in b and b=!. Explicit calculations on first levels give

rip =2, ro1 =40 (b+b7") (b—b7"), 751 =240" (204+b7") (26—0"") (b+b7") (b—b7)

(173)
Zamolodchikov computed more terms and conjectured the generic formula [3]
2 !/
mn — b Ab_l ’
= e LD

l-m<i<m
I-n<j<n
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where [’ means that the term with i = j = 0 is absent.
Using (I67) it is tempting to write

5(x ) = imm Zay S o all) o 7

However such an expansion does not catch the asymptotic of the conformal block a at A — co. Alexey
Zamolodchikov has shown in [3] that the conformal block admits the semiclassical behavior

SEENGND (Ho(%)),

Ay Ay
AQ A3 . A—QT2 %2—A1—A2 %2—A1—A3 3Q2_4ZkAk
a(n) allz) = 160> (1-2) 20 ,

Ay Aj

3A<A1 Ay

where

Wit

2 . K(1—- 1! dt
= qu , o g=¢e", T= zu where K (x) = —/ )

Motivating by this formula we define elliptic conformal block

Ay Azl \ _ A-Q2 A A, QL _A-A; 3Q2—43, A, A, A3)
3A<A1 AJZ) = (16g)7 2 (1=2) b5(4) ! m(AI Ay q)‘
The elliptic conformal block converges to 1 at A — oo. This allows to write the elliptic recurrence
formula [3]
Ay Az (16q) mann AV A3‘
=1 175
m(Al AJ ) = +Zrmn A- Amn)ﬁAm’”<A1 Ay 1) (175)

The formula (I79) is very efficient. Taking

Ay Ds|\ - =
ﬁA(AI A, q) —1+NZ:1(J Hn(A
e obtain
v : A) = (16)’”"Rmn A
mn<N

One can also change the point of view and study analytic structure of the conformal block as a
function of c¢. Namely, equation A = A, ,(c) can also be solved as

¢ = Cmn(A).

13The elliptic parameter ¢ has the following expansion in terms of z

160 — +z2+2lz3+3123
1=*7 %5 7 %61 T 128
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Then using (I74]) one finds

Ay Ag
Ay Ay

3a(

).

In the limit ¢ — oo only the states LY,|A) contribute and their effect can be easily summed up

-1
z) _ Z R, <8A dc ( )> S’AW’JL (Ag As ‘z) + lim SA<A2 As

Tm,n(c_ Cm,n) AI A4 =0 A1 A4

lim 3A

c—00

(Ag A3’2> _ f:ZA_Al_AQJ,_N 1 <A4|(I)3L]—V1‘A> <A|L{V®1|A2>
A Ay (AILYTLY[A)  (Ad@3]A)  (A]@1]Ay)

N=0

_ ZA—Al—AgF <A+A1—A§AA+A3—A4

z) . (176)

AB
where F( o

z) is the hypergeometric function.

Probs:

1. Show that the coefficient r5; is given by (I'73).

2. Show that the large ¢ limit of the conformal block is given by (I70]).
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Lecture 12: BPZ differential equation and three-point function

In this lecture we will study the associativity condition (I64)) for the special case with one of the fields
being degenerate. We will consider the case of @5, field. Consider 4-point correlation function

U(z,2) APy (2, 2) P, (21, 21) oy (22, Z2) Py (23, 23)).

2

which satisfies BPZ differential equation (@4]) and similar anti-holomorphic equation. Using the projec-
tive invariance, one can set z; = 0, 2o = 00 and z3 = 1

[z(l —2)0° + b ((Qz —1)0+ % + 1A_3Z + Agq — Ag)} U(z,2) =0. (177)

It can be brought to the conventional hypergeometric form by the following change of variables

U(z,2) = 2" (1 — 2)bs f(2).

We obtain
[2(1=2)0*+ (C— (A+ B+1)2)0 — AB] f(2) =0, (178)
where
A:%+b(a1+a3—Q)+b<a2—%), B:%—l-b(al—i—ag—Q)—b(OéQ—%), (179)

This equation has two solutions with diagonal monodromy around z = 0 expressed through hypergeo-
metric function
AB
F ( o z) ,

where the second one is obtained from the first one by substitution oy — @ — . For the original
equation (I77) we have

Z) and Zl—CF <1+A—2C'_15—B—C

S 1%t o%: A
Fo(2) = 21 (1 — 2)bsF ( CB

Z) ’ ]-"i(z) _ Zb(Q_al)(l . Z)ba3F <1+A—2C”_IC:|—B—C

z) . (180)

We note that these solutions correspond to s—channel conformal blocks

Al Ag )
z Y
Ay Ag
so that they have simple monodromic properties at z = 0.
There is another basis of solutions to (I78)) with diagonal monodromy around z = oo

1 B[ Bi1+B—C|1
_)’ < F<1+B—A; :

z

Fi(z) =5 (

—A A 1+A-C
z F( 1+A-B
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which correspond to t—channel conformal blocks.

1 bas 1 bas 1

FL(z) = 2720 (—) (1—;) F(Ali:égc ;),
~ 1 b(Q—a2) 1 bas - 1

Fe = (1) (=) E ().

Of course these two bases of solutions are linearly dependent. To see this we consider Mellin-Barnes
representation for hypergeometric function

(A)(B) aB|,\ _ 1 A+ s)I'(B+ s)I'(—s) Vs
717( ) /C (—2)*ds,

(181)

r(C) ¢1") " 2mi T(C +s)

where |z| < 1 and the contour C encircles the poles of I'(—s) in counterclockwise direction. For |z| > 1
the contour C rather picks the poles of I'(A + s) and I'(B + s) and hence we have

DB (4p].) - LADB )y ap (1506]1) 4

F(C A) 1+A-B
I'(B)T'(A-B 5o B1sn
(F()C(— B) )( 28 ( 1+B—AC

)

Similar transformation law we have for another solution. In terms of s— and t— channel conformal
blocks the relation can be written as

NA-B)I'(2-C)
ri—-BI(1+A-0C) r1—-—Ara+B-0C)
s _TA=BI(C),,  T(B-A(C)
- AIrC-B) 1T I(BI(C-A4)"

['(B— A)T(2 - C)

Fi = Fi+ FL,

(182)

We have only two conformal blocks appearing in the s—channel decomposition

ol b ot b
(@4 (2,2)Ba, (0)Bas (00)Bay (1)) = O 2 C 15, 00,05 |FL () P+ O 2 C o+ 2 an, ) |F2 ()
2> 3>
(183)
At the same the t—channel decomposition should also hold

(1 (2, 2)@a, (0) @, (00) By (1)) = c_@*;zc(al, s, ag) |}"i(z)\2—|—6’_2;;20(a1, =, ag) IFL(2)2.
27 2
(184)
The validity of both decompositions (I83) and (I84]) guaranties the the correlation function is single-
valued on the thrice punctured sphere. We note however, that applying (I82) to (I83) we will have
unwanted terms like

FL()FL(2),

which will destroy this property. The condition that unwanted terms cancel leads us to

-
0"y 2 O =402,03) 4 (A)(B)y(C - Ay(C - B) .
cs C(oq + 2, ag) 1O (C-1) ’ I(1—x)

—3,01

(185)
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It is convenient to rewrite the relation (I83]) in the form

C (o +bas,a3) 7(2bas)y(2bon — 1)y (blas + az — 1) — b°)
Clan, as, o) v(b(ar + a2 — as))y(blon + a3 — a2))v(b(ar + a2 + as — Q))

, (186)
where ~ means up to a factor depending only on «;. Similar relation should hold with b being replaced
with b1

Clag+b7 an,a3) (20 o )y (267 ey + 5_2)7(5_1(% + oy —ay) — 5_2)
C(ay, ag, az) 7(5_1(041 +ag — as))V(b_l(Oél +ag — 042))7(5_1(041 +ayt+ a3 — Q)) .

(187)

In order to solve (I86) and (I87) it is desirable to have a function Y(x), which is self dual with
respect to b <> b~! and satisfies

T(z +b) = b2 (ba)T(z), T (:c + %) — by (f) T(2). (188)

We note that this condition is consistent with the requirement

T (x+0b) T (z) T(z+ 1) T (z)

T(x+b+%)T(x+b) T(:B—I—b+%)’f(z—l-%)

It is clear, that if the function which obeys (I88) exists, it should be unique up to a constant provided
that b # p/q. One can easily check that YT(Q — z) satisfies exactly the same properties (I88)), which
suggests

There is an integral representation

< dt
logT(:B):/ —
0

t 2

QY s (9 )1
(2-2) e (3 ]

which is valid in the domain 0 < x < (. The function Y (z) does not have poles, only zeroes

x:—mb—%, x:Q+mb+%, m,n > 0.
Having the T (z) function defined, one can write the solution to (I86) and (I87) as
N ()N ()N (as)

C(aq, a9,a3) = where o = a; + as + as,

Yo = Q) Iy Yo — 205)°

where the factors A (ay) correspond to unknown normalization factors for primary fields.
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Lecture 13: Minimal models 1

Minimal models were introduced by Belavin, Polyakov and Zamolodchikov in their seminal paper [4].
We have seen many times a simplification happening for correlation functions involving degenerate
fields. For example the fusion (96))

Do1Pa = [Popp] +[Py_p],  P12Pa = [‘I{Hg] + [(I)a_g]-
In particular it implies that
q>2,1q)m,n = [(I)m-‘rl,n] + [(I)m—l,n]a q>l,2q)m,n = [(I)m,n—i-l] + [(I)m,n—l]~

Both these fusion rules can be interpreted as s[(2) fusion rules. Namely, the product of 2-dimensional
and m-dimensional (or n-dimensional) representations of s[(2) is the sum of m + 1-dimensional and
m — 1-dimensional representations (n + 1-dimensional and n — 1-dimensional). Then using associativity
of the OPE, one finds that

P = D | |, (189)

r,s

where the sum goes over the set
r={m-1m-3,...,3—m,1—m} and s={n—-1,n-3,...,3—n,1—n}. (190)

But what if correlation function consists of degenerate fields only? Consider the OPE (I89) were
the sum goes over the set (190) and suppose that & = c,,v. Then there are two ways to rewrite (I89)

(I)m,nq)m’,n’ = Z [(I)r,s] s (I)m,nq)m’,n’ = Z [(I)T’,s’] 5

r,s r!.s!
where the sums go over the sets

re(m —m+1,....m+m—1), se(mn —n+1,....n +n—1),

191
rem-—-m+1,....m +m—1), sem—n"+1,....0"+n—-1). (191)

The compatibility condition for validity of both expansions requires the sum go over the intersection of
two sets (I91). That is

PPy = Z[CI)T,S], re(fm' —m|+1,....m"+m—1), se (]n'=n|+1,...,0" +n—1), (192)

T8

Since negative numbers do not appear in the r.h.s. of (I92)), we conclude that the sum goes over
the degenerate fields only. In other words the OPE is closed on degenerate fields. So, we might try to
construct a CFT which will consists of degenerate fields ®,,,, only, where (m,n) belong to some set.
Actually, this time we will be more cautious about unitarity issues. In particular, we will require

(b+b1)?  (mb+nb™t)?

A = — > 0. 193
ne = (193)
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We see that (93] does not hold for b € R, for b = ¢? it is in general complex, while the only hope is for
b =1 with 8 € R. In this case one can still find (m,n), such that |mS +nf~'| < 1 and so A,,,, < 0.
So, the only hope to construct an unitary CFT with degenerate fields only, would be the case where set
of possible (m,n) is restricted.

This is where doubly-degenerate fields come into a play. Namely, suppose that

p=_P (194)
where p and ¢ are coprime positive integers ¢ > p. In this case all the fields

Prnthgnikp AN Lotk p—nthp (195)
have the same conformal dimensions. In new parametrization (I94)) one has

6(p — q)*
pq

c=1- (196)

Consider the notion of the Kac table, that is the set 0 < m < ¢, 0 < n < p. Take basic degenerate
field ®,,,, with 0 < m < ¢, 0 <n < p and its nearest partner @, ,» = ®,_,,,—n (also with 0 < m’ < g,
0 < n' < p) and consider the OPE

(I)m,nq)a = E |:q)a_ (7”51)11_("*12)1171 +ib+jb71i| = E :|:(I)a_ (m’;l)b_(n’—;)b*l +i’b+j’b71i|’ (197)

.. U
1,] v

where i =0,1,...,m—1,57=0,1,...,n— 1 etc. In the r.h.s. of (I97) we should either have

—1)b — 1! "—1)b "—1)bt
a—(m2 b_ & 2> +ib+jb_1:a—(m2 b_ & 2) +i'b+ 5071,

or
— b (n—1)b
a—(m2 b _[n 2) i+ =Q—a+

First possibility leads to the condition

(m' —1)b (' — 1)b!

_ i — bl
5 T 2 vomJ

p(m+i" —i) =q(n +j" - j),
which never holds, while the second one gives
Q= Q1 with m”" =i+ +1, n":j—l—j'+1.

We note that 0 < m” < ¢, 0 < n” < p. That is the necessary condition for the field ®, to have a
non-trivial OPE with degenerate field ®,, ,, from Kac table 0 < m < ¢, 0 < n < p, is to be a degenerate
field from the Kac table also. Then the associativity implies that the OPE is closed on degenerate fields
from the Kac table only.

The fact noticed above opens the possibility to have a CFT for quantized values of the parameter
(I94)), which has only finitely many degenerate fields from the Kac table with

(mp —ng)* — (p — q)?
4pq '

Apn = (198)
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Such CFT’s are known as minimal models M,, ;. One can show that there are always negative numbers
in (I98)) except the case ¢ = p + 1 where all the values

(mp —n(p+ 1))2 —1
Ap(p+1)
are obligatory non-negative. The models M, ,.; are known as unitary series of minimal models. More-

over, there is Friedan Qiu and Shenker theorem [5] which states that the Verma module VA does not
have vectors of negative norm only in two cases:

Apn = (199)

e For A>0andc>1
e For unitary minimal model

6 (mp—n(p+1))2—1
c=1———, A,,= for 0<n<m<p+1.
plp+1) dp(p+1)

We will provide the details of the proof of this theorem later in this course.
There might be a problem since according to (I93]) for any field from the Kac table we have infinitely
many null vectors. The situation is very interesting. Consider the simplest minimal model My 5, which

corresponds to the value
2
b=1iy/- = c=0.
N

This theory has the following Kac table

.
]_ - [ ] e [ ]
.
.
.
.
P
-
P
P
P
.
.
.
.
.
.
-
P
P
P
P
.
P
.
.
.
- u u

In fact the Hilbert space of this theory consists of just one vacuum state such that
L,0)=0 neZ.

The character of this module is just 1. However, from the point of view of Verma modules the situation
is more subtle. Kac dimensions for ¢ = 0 model (b = z\/g ) have the form

N (2m—3n)2—1.
’ 24

75



In particular,
A171 = A271 =0.

and hence the Verma module Vj has two null vectors |x1,1) and |x2,1) at levels 1 and 2 respectively. The
corresponding character seem to have the form

X(q):(Hl_lqk>(1_q_q2):1_q5+..., (200)

k=1

which is certainly not equal to 1. However, the modules V; and V, intersect. Indeed, one can check that
A471 = Ag,g =1 and A5’1 = ALg = 2,

and hence the module V; has two null vectors at levels 4 (total level 5) and 6 (total level 7), while V, has
two null vectors at levels 3 (total level 5) and 5 (total level 7). However, the corresponding descendants
coincide, as one can see from the relations

D4,1D1,1 = D1,3D2,1 and D2,3D1,1 = D5,1D271>

where D,, ,, are defined in (244]) and hence we have

20
L_)\ (Lil - ?L_2L2_1 + 4[/2_2 + 4L_3L_1 - 4L_4) L_1 ‘O> ==

DI1 ” D1,
2
=L_x(L? —6L_yL_; +6L_3) <L‘i1 — gL_z) |0)
Dy s ~- -
Do 1
and
112 512 40
L_x (L —14L_,L*, +TL L2_1—2—7L32+14L 317, — 5 Losloala-
D23
208 688 88 80
_TL2 —48L_4L*, +7L 2L o+ 9L sL_1+ 3L ) 1 |0) = L_y L51——L oL+
D‘Q’g D11 D51
256 52 256 104 208
+?L L1+3L3L —TLng—TLﬁtL1 5)< 1——L )|0)
Dsy Doy

It means that we have substracted states from submodules V5 and V; in (200) twice. We add them to
compensate the mismatch. Thus we have the character

|
X(C.I):(H k)(1—q—q2+q5+q7)=1+q12+...-

k:ll_q
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Thus we fixed the character up to level 12. Going deeper in the module one finds that V5 and V; again
both have a pair of null vector which coincide pairwise at the total levels 12 and 15, which implies the
correction to the character (we have added them twice, so we have to substract)

|
X(@Z(H k)(l—q—q2+q5+q7—q12—q15):1—q22+....

k:ll_q

Proceeding in this way is shown by the diagram of embeddings

0
(1,1) (2,1)
1 2
(2,3)  (1,3)

(4,1) (5,1)
5) 7
(2,5)  (1,5)

(7,1) (8,1)
12 15

The fact that we will get 1 after all "addings” and ”substractions” is guaranteed by the pentagonal
numbers identity

oo

> k(3k—1)
[Ta-d=> (D¢ 7 =1-g-++¢ —¢"—¢"+ ... (201)
k=1

k=—00

which implies

|
(Hl_qk) l—qg—+¢+q¢ —q"—¢"+..)=1

k=1
The structure of embeddings for Verma module V,,,, for generic minimal model M, , can be read
from (I93)) in a similar way. We use the identity

Am-i—kq,n-i—kp A—m-i-kq —n+kp for any ke Z.

We start with the module V,,, ,,. It has two lowest lying null vectors at the levels mn and (¢ —m)(p—n).
Thus we have the embedding of Verma modules

V—m,n C Vm,n and V—m+2q,n C Vm,na
N / NG >

~\~
Dm,n qum,pfn
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where we have explicitly shown the corresponding null vector creating operators. The each of Verma
modules V_,,,, and V_,, 9, have pair of submodules

- -
Dq+m,p*n qum,ern
and at the same time
Vm+2q,n C V—m+2q,n and Vm—?q,n C V—m+2q,n7 (203)
NS ~~ > NS ~~ >
DnL,prn D2qfrn.,n

Moreover, we have the relations
Dq—l—m,p—an,n = Dm,2p—an—m,p—n and Dq—m,p—l—an,n = D2q—m,an—m,p—na

which guarantee that V,,12,,’s are actually the same in (202)) and in (203) (the same is true for V,,—o41)-
Now each of V124, and V,,_9,,, contain two submodules

V—m—2q,n and V—m+4q,n7
etc. It is interesting to note that V_,,_o,, and V,,_o,,, are also the submodules in V,, ,,
V—m—Zq,n - Vm,n and V—m+4q,n C Vm,na

~~ ~~
Dq+m,p+n D2q7m,2p7n

All these subtle embeddings can be drawn as follows
Am,n

(g=m,p+n)  (m,2p—n)

(g+m,p—n

(m+q,n+p)

Am—l—Qq,n Am—Qq,n

(g=m,3p—n)  (m,2p+n

(m+2q,n (8g—m,p—n)

A—m—2q,n A—m+4q,n
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The character of the corresponding irreducible module is obtained by summing all Verma modules from
"odd floors” and substracting the contributions from the "even floors”. The resulting character has the
form (we replaced ¢ — x to avoid misleading notations)

1
Xg:g,) (l») — X(x) Z (xAm+2kq,n _ :L.A—77L+2kq,n) Whel"e X(x) — H (1 — xk) . (204)

keZ k=1

Let us consider the simplest non-trivial minimal model My called Lee-Yang model. It has the
following Kac table

(S

1 2 3 4

There are only two primary fields ®;; = ®,; = I and ®5; = P53, = ¢. Using (I40) one can show that

o0

1
2,5
o) = TR = HC g "+ 204207 + 3¢+ 30"+
k=1
= 1 _1
xé?f)@ =qs H = = (gt P+ +2¢" +2¢° +3¢° +3¢7 + 45 +..).
k=1
(205)
The structure of OPE in My 5 is very simple
IT®I=1[I

I® ¢ =g,
@@ =[I]® [y

If we employ standard normalization of the fields, that is
_ _ 4
<90(Z> Z)QO(’LU, w)> = |Z - w| 5,
then the only nontrivial constant in the theory is

def
x=CZ,=Clp,0,0).

In order to find s we consider four-point function (p(z, z2)p(0)p(c0)p(1)). According to (I83]) we have
(o2, 2)p(0)p(00)p(1)) = |Fi(2)]* + 5| Fa(2) P,
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where (see (I80))

so that

Njw

s (1) 1 (2
— 2 (= )2 (2] ~ 1.91131i.

The fact that the structure constant is purely imaginary is consistent with the fact the Lee-Yang model
is non-unitary.

Probs:

1. Show that the set (I98]) always contains negative dimensions for ¢ > p + 1.
2. Using (204) and Jacobi Triple Identity derive (205).
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Lecture 14: Minimal Models II: Ising model

In this lecture we will study minimal model M3 4 in details. It corresponds to the following Kac table

2 ° ° /’/ °
1 DI
2 16 .~
1 ° ,’/ ° °
.7 1 1
Y 16 2
1 2 3 (206)

According to (I36)) the central charge of this theory is ¢ = 1. The conformal dimensions are given by

(3m —4n)* — 1
48 '
The fields inside the Kac table are identified by the reflection

Am,n =

(I)m,n ~ (I)4—m,3—n .

Thus we have three different primary families

I=0,, =5, with A=A=0,
< 1

e=®03; =015 with A=A= 3
< 1

og=0y; =Py with A=A= %

the identity operator I, the "energy” operator € and the ”spin” operator o.
These fields describe critical Ising model. In order to see this, we note that the field € has very
special OPE

€e = @12@3’1 = [@372] = [[], €0 = @12@2’1 = [@272] = [0’] (207)
It implies that for any correlation function of € one has

2

(€(2,2)01(21,21) - . On(zn, Zn)) = |F (2|21, - - 20)| G(21, 21, - -+, Zns Zn),
where Oy stand for either €, I or o. It suggests that the field ¢ admits the holomorhic factorization
e =1iUnp. (208)
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The holomorphic current (z) has dimension 1 and admits the OPE

PPp(w) = —— + ..

Z—w

We note that this type of OPE is only compatible with the fermionic statistic for 1. Similar statement
applies to 1. We also demand that 1 anticommutes with 1.

The pair (\,) can be treated as Majorana (real) fermion, the real part of the complex fermion
studied before

W) = ZEEE). b = 5 (5:)+ ()
The dynamics of (), 1) is described by the massless Ising action
1 o _
S = 5 / (WO + po) d*=. (209)

The correlation functions of Y (z) and \(z) are computed by the Wick theorem
1 1 1

21 — 2223 — 24 Z2on—1 — Z2n

(W(z1) . W(220)) = +.
and similarly for \(2). We note that the factor 4 in ([208) provides canonical normalization of the energy

operator
1

EET

(0(z, 2)o(w, w))

The holomorphic stress-energy tensor for the theory (209) has the form

T(z):—%:lball):.

and it defines CF'T with the central charge ¢ = % The representation of Maiorana fermion is given by
the fermionic Fock module

FNS = Span (W_y| @) = p_y by, ... |D)]s1 > 52> .. ) (210)

where s € Z + %, which corresponds to NS sector. The generators 1, form an algebra

{ll)wlbs} = 5r,—s~ (211)
The character of (2I0) is given by
VS(g) =[]0 +¢79)
k=1

From the point of view of Minimal Model the Fock module Fg corresponds to direct sum of irreducible
Verma modules
F¥ =V 8V,

In particular, it implies the character identity (see (204]))

(3,4) (3,4)

X1,1 (Q) + X31 (CI) = XNS(

q)
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which can be thought as an additional confirmation of the coincidence of two theories. Indeed, from

(204) one has

@)+ i@ =T a—a : D (e e e O

We note that

3(4k)* — 4k 3(4k —1)% — (4k — 1)
A1+8k,l = T’ A—1+8k,1 = 4 )
3(4k +1)* — (4k + 1) 3(4k —2)? — (4k — 2)
A3+8k,1 = ) A—3+8k,1 = )
4 4
that is
o0 N2 2 2 o2 an
X(3 4)( _'_ §314 _ H Z (q3(4k)4 4k B q3(41c+3)4 (4k+3) n q3(41c+1)4 (4k+1) B q3(4k+2)4 (4k+2)) .

=1 kEZ
(212)

We note that in (2I2]) the sum goes over 4k + s where s = 0, 1,2, 3, that is over all integers. Then one
can apply the pentagonal identity (201]) with ¢ — —q? which gives

X @)+ x5 (9) =

8

=

| =

’QN

8
T
o
ml»—'

=[] (1 +d2)
k=1

Similarly, one obtains the dual identity

3,4 34 it 1
@) - =T (-2
k=1

Now we come to the o(z, Z) field. According to the OPE rules (207), one has

1
e(z, 2)o(w, @) = m(a(w,u_}) 4. ) (213)
where the choice of the factor 1
Cgo = 5

will be justified below. One might ask ”can we conclude from (2I3]) that”

()0 (w, T) ~ %(dw,w) vo) (214)

(z —w)?2
In fact no. The reason for that is the following. The OPE of the the form (2I4]) correspond to Ramond

field which is semi-local with {(z). It means that the indexes of 1\, are integer. Then it follows from
(211)) that the zero modes 1Py and Py form the algebra

V=03 =5 fbodo) =0 (215)
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This algebra does not have a one-dimensional representation. In other words the fields oo (2, Z) and
Voo (z,2) can not be proportional to the field o(z,Zz). The best we can do is the two-dimensional
representation of the algebra (215))

T i

€ 4 e 4

11’00(272) = ﬁ:u('%z% 11’0#(272) = \/§ O-(Z>2)’

i (216)

i
e 4 — e 4

1[’00-(272) = \/i ILL(Z, 2)7 I'I)O/”L(Z?Z) = %O_(za 2)

Equation (2I€) can be taken as a definition of the spin field in Ising CFT. It means that the spin
field is rather a doublet and the OPE (21I3) is also supplemented by the dual OPE

1

e(z, 2)p(w, w) = —m(u(w, w) + .. .), (217)

From representation point of view one has a Ramond representation of the fermionic algebra
FR = Span(ll)_sH:), s={s1>8 > >0} |=) =Wo|+), s € Z). (218)

Clearly the character of this module is given by 2x&(x) where

%H1+q

Again, it can be checked that
X2,1(q) = XR(Q)a (219)

which confirms the coincidence. Indeed, one has

1
T (3(2k)* +2k), A_oiger = o7 (3(2k — 1) + 2k — 1),
which implies via (201]) the desired identity (219).
The Ising CFT can be described either by the set of fields (I, 0, €) or equivalently by (I,0, ). In

order to specify the theory completely, one has to derive the structure constants. In Ising model there

is only one (see (213))

ANoygp1 =

C5, = €5, = (o(0)o(1)e(o0)) = 5 (220)
or (see (217)) X
O = Clt = (p(O)p(e(o0)) = — 5 (221)

It is instructive to derive (220) and (22I)) from BPZ equation. Consider for example the four point

function
(o2 Dr(O)r (o)) Y (@ (220
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In this case s— and t— channel blocks (I80) and (I&T]) have the form

Fie)=23(1-2)7 {(1+z§)% _ (1 —zé)%] |

and

Fi(z) = %Z_%(l —2)7 {(1 + z%)é + (1 _ z%) 2_

Fi(z)=(1-27)

The according to (I79) and (I83]) one finds that

1 1
CE 2 = — :} CE = —.
( UU) 4 oo 2

MIndeed, we have

etc.
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Lecture 15: Minimal Models III: Tricritical Ising model, N =1 SUSY CFT

The conformal symmetry can be extended in many ways. In this lecture we consider supersymmetric
extension. As a motivation we consider unitary minimal model M, 5 which has been identified with the
scaling limit of tricritical Ising model in [6]. It corresponds to the following Kac table

3- ° . . ///o
3 3 1 -
2 5 10 - 0

2¢ ° ° L7 ° °
7 3 - 3 7
16 80 80 16
1' [ ] [ ] [ ] 5
1 3
A 1 5 3
1 2 3 4 (222)

The central charge of this theory is ¢ = 1—70. The conformal dimensions are given according to (I99) by

(4m — 5n)* — 1
80 '
The fields inside the Kac table are identified by the reflection

Am,n =

(I)m,n ~ (I)5—m,4—n~

We note that the field ®,; = ®; 3 ia special: the operator product expansion of ®,; contains only
contribution of [/] = [® ], as follows from the identity

[@15][Pa1] = [Pas] + [Pri] = [Prz] + [Pas] = [Pas] = [P14].

It implies that we can construct local fields G and G of dimension (2, 0) and (0, $) respectively, subject

2 bl
to the constraints

G = 0G = 0,
such that ®; 3 = GG. Similarly we have
Dy q|[Poq] = [P
[Pa1)[®21] = [®5.4] Neveu-Schwarz sector,
[@41][P31] = [P21]
Dy q|[P30] = [P
[Pol[®a2] = [P5] Ramond sector.
[@41][Pap] = [Py2]
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The fields G(z) and T'(z) = L_5I(z) can be regarded as generators of extended chiral symmetr

B c 2T (w) T (w) o 3¢ 2T (w) T (w)
T(z)T(w)—2(z_w)4+ (z—w)2+z—w+ 4(z—w)4+(z—w)2+z—w+”"
T(2)G(w) = 5 (?’ZG_(‘Z)))Q + f_(“;g +o (223)

2¢ 27T (w) o ¢ 2T (w)
G(Z>G(w>_3(z_w)3+z_w+ (z—w)3+z—w+

The algebra ([223) is known as Neveu-Schwarz-Ramond algebra (NSR algebra) and appeared first in
superstring theory@l. We note that the last OPE only make sense if G(z) is a Grassmann variable. An
OPE of G(z) with generic field must have the form

G(2)0(w) =Y O

=yt
where G, O(w) is just the notation for the new field. Then the ”generators” G, together with L,’s form
the algebra

~

(Lins Ln) = (m = 1) L + < (m® = m)8n

8
m
[Lma Gr] - (5 - T) Gm+r> (224)
_ 2L
{G,,Gs} =2L,, s+ 5 (7’ 4) Or —s-

Similar relations hold for antiholomorphic generators G, and L,,.
The space of fields decomposes onto the space of NS fields Oyg local with respect to S(z), and the
space of the Ramond fields Or such that the correlation function

(G(2)Or(w,w)...)

changes sign when z goes around w. In particular the fields ®;; and ®;; in minimal model M, 5 are
NS fields and @35 and &4 are Ramond ones. We see that the indexes 7, s are half-integer in NS sector
and integer in R sector. One defines NS primary field by

Ad(w) P (w) G(2)D(w) = + ... (225)

(z—w)? z—w z—w

T(z)P(w) =

where U = G_ ®(w) is a new field. We note also that

_ 280(w) | ¥(w)

(z—w)?2 z-—w

G(2)¥(w)

15Last equation follows from general formula
Da(2)PA(w) ~ (2 —w) 728 (1 + fT(w) +.. >
16We note that due to historical reasons it is customary to use the parameter é = %c.
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Correspondingly the primary field in Ramond sector form a doublet

- (1) ()

with the operators G, and G acting ad!

(3 (% 1) BE) (@) m (3 D))

where
¢
—\/A—— 22
Aa 16 (227)
which can be written in terms of OPE
© © . po R
G RO (w) = Cof | GafOw) e BT GaRTw) (228)
G-wp (-w) G-w? (-w)

One can use OPE to constraint correlation functions. Consider two-point Ward identities in NS
sector

(V1(21)Pa(22)) n (@1(21)Va(22))

(G(E)P1(21) Pa(22)) = £ £ 2
(G(E)P1(21)¥2(22)) = OI]I(?E\IZ(@» + (¢ 2_A;2)2<q’1(21)‘1>2(22)> + ¢ _1 2 (®1(21)P5(22))-

Using the fact that G(&) ~ 5% at & — oo one finds the constraint

(U1(21)Pa(22)) =0, (Wi(21)Wa(22)) = —(P1(21)Ph(22))

One can generalize this for n—point correlation functions. Consider the Ward identity

(GO (1) . lzn)) = S o (@1(2) - W(2) - By (2)),

and similar ones with &, — W,. In particular, there 2 independent 3—point correlation out of 8

(1(21)Pa(20)P3(23)) and  (Py(21)Pa(22)Ws(23))

Representation theory of NSR algebra (224)) is very similar to the one of Virasoro algebra. It is
convenient to introduce the following parametrization of the central charge and conformal dimensions
of NS and R primary fields

w, AR(CY) = ANs(OZ) + 1_16,

1Tt follows from (224)) that Gy and Gy satisfy the relations

1
¢=1+20Q% Ans(a) = Q:bﬂLg-

¢

G=A-1o Gi=A- {Go,Go} = 0.

<
16’
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We denote the corresponding fields as

We note that Ax from ([227)) takes the form

Ade) = =5
The Verma module V4 is a linear span of vectors
L_\G_,|A),

for ordered set A = Ay > Ay > ... and strictly ordered set r = ry > ry >
definition a state |x) in VA which is killed by positive part of NSR algebra

L,lx)=G,|x) =0 for n,r>0.

A supersymmetric version of Kac theorem states that for

-1 —1)p!
O{m,n:_(mQ )b_(n 2)b , m,n €z,

there is a singular vector at level “* which appears in

in NS sector for m—n € 27,
in R sector for m—n € 27+ 1.

Consider first examples:

o Level % The state

G_1|A)
is a singular vector provided that A =0 = Ayg(0).

e Level 1. There are two null-vectors in Ramond sector

2 2
(L—1 b G_1Go) |A)  for a=ay = —=

120

1+2b2

2 -2
(L_1 - LG_IG()) IA) for a=omy=—

o Level % Two null-vectors in NS sector

(L_lG_% + b%:_;)
(L_lG_% yrea

A) for a= Q31 = —b,
|

[SI[oY

|
)
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e Level 2. Two null vectors in R sector

212 412 B(1 - 612)
2 = T S\ PV
(L vy ke T g b GGt s

3b
G_QG()) |A> for a= Qg1 = —?,

2h=2 4b=2 b=2(1 — 6b72) 31
2 - T . 4 - - ~ p— = -_—
(L_1 + — 5 —L 5 = L 1G_1Gy+ Tr a2 G_2G0> |A) for a=ay, 5

and one null-vector in NS sector

2
<L21—|—Q—L 0—G_s _%) |A)  for a:a2’2:_%7

e Level g Two null vectors in NS sector
<L2_1G_% +2WPL oG 1 + 3P G s — D1~ Bbz)G_g> IA) for a=as; = —2b,
(L2_1G_% +2672 L 5G s+ 30720 G g — b1 6b72)G _) IA) for a=ans=—2b".

etc
It is important to derive an analog of BPZ differential equation (I77) for supersymmetric case. The
simplest equation arises for Ramond field degenerate at level 1

1+ 20?
‘|2'be 8R(_)%(z 7) =G 1G0R(_§( z). (229)
Consider the following correlation functions (here we follow [7])
G1(z,2) £ (R (2. )R (0) @0, (1) oy (20)) (230)
and
e ¢ 1 20% (.
HO(z,2) & (GoR (22 B0 Wy ()8 (00)) B~ 28 (B2, 2) R (0)Wer (1) o)
(231)
In order to rewrite the r.h.s. of (229) we consider (see (228) and (228)))
_(142p2)?
Qaze)?
——
A(=b)_<
2D (3 2 2RO GACO R, (2 2) R0, (1) (00)) =

( N
~ 2mi 7{ \/j )Gl (2, 2) RLE) (0)Pa, (1) Pay (00))d =
© (» 5RO . _
27TZ (féo fél) \/T G(g)GOR_%( ) )Ral (O)cbocz(l)q)om( ))df

= L(GoR) (2 ) GoRE) (00 (1) (00) — ﬁ@of#ﬁg(a 2)RE)(0) oy (1) oy (00))

In view of (230), (231)) and (226]) this relation can be rewritten as

2 2
1+2b (a_ 1+ 2b )G(E)(z,Z)

202 8z
Coming back to M, 5 model

90



Lecture 16: Minimal models IV: Potts model, W —algebras, parafermionic CFT

We consider next unitary minimal model M5 ¢ which is known to be related to Zs Potts model [§]. It
has the Kac table

4 ° ° 02 ° ///o
Q = l //

3 5 3 5 - 0
3 b ° ) ° /// ° °
7 21 171 2
5 40 15 - 40 5
2 B L] [ ] // ° [ ] [ ]
2 1.7 1 21 7
5 40 15 40 5
1 ° ,’/ ° ° . .

g 1 2 13

7 8 3 8

1 2 3 4 ) (232)
The central charge of this theory is ¢ = % and Kac dimensions are
2
A = (5m —6n)* — 1
o 120

Similarly to the previous lecture the field ®5; = ®; 4 can be decomposed as
D51(z,2) = W(2)W(2)
The current W (z) of spin 3 extends the Virasoro algebrald

TET(W) = 5 <§T_(Z;2 * wazi
T(Z)W (w) = 2w) | W)

(z—w)3? z—w 7

First OPE is just for Virasoro algebra, second states that W (z) is a primary field of dimension 3, while
the third one

B c MT(w)  XT'(w)  AT"(w) + MA(w) AT (w) + AN (w)
W)W (w) 3(z —w)b i (z —w)* - (z —w)3 - (z — w)? * Z—w -
(233)

"¥We have ¢ = 2, but we can keep c arbitrary in discussions below
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is an OPE expansion of the field with A = 3 into identity operator. Here A(z) is quasi-primary field
which appears in OPE

T(:)T(w) = 5 - it (jii(z))z + wau)} + (A(w) + %T”(w)) Yo
A(w) = (L_2 - 1—30L2_1) T(w) = (L_2 - %Lz_l) L_oI(w). (234)

Let us compute the coefficients A\ in (233]). We can do it exactly as before when we studied conformal
properties of OPE. Namely, we act on both sides of (233) by

3 (- T
which can be interpreted as

L,=(z—w)""0, +3(n+1)(z —w)" or L,.
Taking n = 1 one obtains (we use that L;A = 0)

20T (w) +3)\2T’(w) +4)\3T”(w) + 4\ A(w) e 40T (w) N 10A3T" (w) N 18AT" (w) + 8A6A(w) N

3 ey

(z—w)? (z—w)? z—w (z—w)?  (z—w) z—w
which implies
M 33X 3\ 2N M
= M= T M TR T M T
While taking n = 2 we find
C i 5)\1T(’LU) L= )\1L2T(’LU) 4 )\3L2T”(w) + )\4L2A(w) i

(z—w)t (2 —w)? (z —w)* (z —w)?

which fixes
A =2 and M\ = 52
b ' B 22
Altogether we obtain [9]
W ()W (w) = ¢ i 2T (w) n T'(w) n ol (w) + 5C?f22A(w)+%T’”(w) + 5Cf22A’(w)+
S 3z—w)s (z—w)t (z—w)3 (z —w)? z—w

In terms of the modes we obtain

(Lms L] = (1m0 — 1) Ly + %(m?’ — )8 —n,

(L, Wl = 2m — n) Wi,

¢ 2 2 16 (235)
ms VVn| = 5 —1 —4 m,—n - Am n
(Wi Wal = 5 Smlom® = )2 = 0+ 5o (m = At
2
IERUESES TR e T
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We note that A,, is not new and expressed in terms of generator L,, as follows from the definition (234))

3wy L [ TET(x)
A(z) + 1—0T (2) = 57 fé 5—7zd§'

After simple calculation one obtains

A=Y Ly +%xmLm, where @y = (1401 — 1), zars1 = (24 1)(1 —1).
k

Now consider W primary field

TER() = fgogs + e+
wd(z) W_,® W_,®

W(f)@(z) = (5 — 2)3 + (5 _ 2)2 £E—z

We stress that while we have L;® = @’ for Virasoro descendant, W-descendants W_;® and W_,® are
new fields which do not have immediate relation to ®. Consider Ward identity for n—point correlation
function of primary fields

(W(E)P1(21) ... Pul2)) = > ((g“’—’“g«bl(zl) B (z))

k=1 ~ %)
() W) () +
— 21) ... W_ 2k) - Pp(2y
In the right hand side it involves 2n + 1 different correlation functions restricted by 5 projective Ward
identities

+ <(I)1(Zl) e W_Q(I)k(zk) . (I)n(zn)>> .

W(§) ~ 1 = Z(wkl(l _ 1)22_2(<I>1(z1) @ (20)) L@ (1) W Pp(2) - Pr(20))

—l—zL(@l(zl)...W_Q(I)k(zk)...@n(zn))):O for 1=0,1,2,3,4.

e In the case of one-point function it immediately implies that

(W_1®) =0, (W_9®)=0 and w=0.

e For two-point function one has a system of equations
0 0 0 1 1 (P1D5)

0 1 1 2z 2z (

wy + wa 221 229 27 % (
3(wizy +wazg) 323 322 23 2| | (W_o®1Dy

6(wy 2} +wyz2d) 423 423 2} 2 (

which has a solution provided that

0 0 0 1 1
0 1 1 21 <2

det wy + woy 221 22 22 2| =0 = (21— 2)°%(wi +wy) =0,
3(wyzy +wazg) 327 322 2 23

2 2 3 4.3
6(wy27 + wezy) 4z) 4dzy 27 25



and hence the two-point function takes the form

OA; AyOuwy.—
q) = q) > ~ 1,827 W1,—W2
(@u(2)a(e)) v T2
e For three-point function one has 7 functions minus 5 constraints which means that everything can
be expressed as a linear combination of

<(I)1(I)2(I)3> and <(I)1(I)2W_1(I)3>. (236)

Here one comes to an important difference compared to Virasoro case. In Virasoro case we had the
statement that correlation functions of descendant field can always be expressed from correlation func-
tions of primary fields by application of certain differential operators. In W case this is no longer true.
For example one has two three-point functions (236]) which are not related by kinematics. One can show
more generic statement that any three-point function of W descendant fields can be expressed through
the basic one

(D1 D WF D)

Some simplifications appear for degenerate fields. The structure of representation theory of W-
algebra (230) is very similar to the one of Virasoro algebra. The Verma module Va ,, is spanned by the
vectors

W_,L_x|Ajw): Ly|Aw) =W,|Aw)=0forn >0, LyA w)=A|Aw), WolA,w) = w|A, w),

for two independent partitions A and p. A singular vector |x) € Va,, is by definition as state killed by
positive part of W-algebra
L,|x) = Wylx) =0 forn > 0.

Consider the simplest example of a singular vector at level 1
IxX) = (W_1 +EL) |A, w).
We should impose
Lilx) =0 = (Bw+ 2£A)|A,w) =0,

32 1 1
A2+ ZA) - -A A, w) =
5a+%< T3 ) 5 —HEw)|,w> ’

Wil =0 = (

which implies the constraint between quantum numbers A and w

32 1 1
2 _ A2 il Y
dw” = 2A (50—{—22 <A+ 5) 5) (237)

If such a field present in three-point correlation function then one can express correlation function of
any descendant fields from the one of primary fields.
It is convenient to introduce ”Toda” like notations. Let e; and es be the simple roots of sl(3), that

is their Gram matrix is
(ci-e;) = 2 -1
€% = -1 2
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the Weyl vector p

pP=e€1 + €2,
fundamental weights w; and ws
( ) PN 2 . 1 2 n 1
Wi, €;) = 0 w) = —€e1+—-€e Wy = —€y+ —€q,
j j 1= 36+ 36 2= 3621 34

and weights of fundamental representation

3
hy =wi, hy =w; — ey, h3=W1—€1—62:>th=07 (hi'hj):5ij—
k=1

Wl

Then we use parametrization of central charge and quantum numbers A and w

(= 2412(0,Q) = 2424, A= *22=0) _ [ 48

(a_Q> hl)(a_Q’ h2)(a_Q> h3)a

where
Q=Qp, Q=0+
This wild parametrization provides a solution to (237) if

Q= xw; Or «= xws.

We should call such field semi-degenerate. It is clear that n—point correlation function with (n — 2)
semi-degenerate fields, for example

(Pay (21) Py (22) - - - Poy 1y (20-1) Par,, (20)) (238)

can be computed using OPE as

(Pay (21) Lo (22) -+ Doy 100y (20-1) Par,, (20)) =

Z Cgﬁ%fwl Z1 — Z2)<W—;LL—)\(I)a(Z2) s (I)%nflwl (Z”—l)q)an (Zn» -
a,\,

Z 031A%7w1 21— Z2) Z Cg;Z}ng (Z2 - Z3)<W_0'L_V(DB(Z2> e (I)%nflwl (Zn_l)q)an (Z'ﬂ)> =

A, B.w,o

The structure constant at each step is related by lowering the index to the three-point correlation
function

<(W—0L—V(I)al (Zl)) (W—AL—M(I)OQ (22) @0y (23)) )-

Since it contains the semi-degenerate field it can be reduced to differential operator acting on correlation
function of primary fields

C(Oél, Qg, %Wl)

(Do, (21, 21) Doy (22, Z2) Py (23, Z3)) =
: : T I~ 5P
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The correlation function (238) belongs to the class of computable correlation functions, just as in
Virasoro case. In particular, the conformal block

w1 oW1 X _3W1 My _oWq

61 52 6n—3

al cee O[n

is completely determined by kinematics.
Now, we consider another aspect of the theory Ms¢. Namely, consider the field &3, = ®34 with
conformal dimension A = % Its OPE has the form

O3 1P351 = [P11] + [P31] + [P5.4]

It has been noticed by Cardy [10,[I1] that one can build self-consistent theory assuming that the field
®s 1 enters the theory with multiplicity 2. One can choose a basis of these two fields which admits
holomorphic factorization

U(2)¥(z) and ¥H(2)T(2),

where W(z) and ¥*(2) are the so called Zs parafermionic fields [12]

U(2)¥(w) = Lg (T (w)+...), U ()Pt (w) = ¢ 5 (P(w)+...),
(z —w)3 1 i (z —w)3 (239)
V()W (w):m <1+§T(w)(z—w) —I—)

Here the factor g = % is universal and the structure constant has to be fixed from the associativity
condition of the operator algebra. We note that the form of parafermionic algebra (239) is only consistent
with the fractional statistic for the field ¥(z)

2im

()P (w) =e3 ¥(w)P(z).

In order to find C' we consider N—point correlation functions of ¥(z). We note that the algebra (239)
implies that the correlation function is only non-zero if n is divisible by 3

B (21, 2
o) (210)

[Lic;(zi = 2)3

(U(z1)...U(23,)) =

where P,g?’)(zl, ..., 23,) is the symmetric homogeneous polynomial which satisfies the following three
properties

° P7§3)()\Zlu e AZ3) = )‘gn(n_l)Pn(Zlv -5 Z3n)

* 53)(217"-72271):Z%(n_l)‘l‘... at 21 =& o0
* Pég)(zlv Ce -1, T, T, T) = C? 2(21_1)(2% - x)2P7§3_)1(217 Ce e 23(n—1))
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It can be proven that the polynomial with such properties exist and unique
PP (21, 20) = C°V8ym, | [ (2= 2)” [] (—2)* [ (=—2)*|
i<jel i<jell i<jelll

where I, II and II1 are three groups of n points.
We note that for Maiorana fermion {(z) we have the formula similar to (240)

21_nP7(L2)(21, RN Zgn)
Hi<j(zi — %) ’

(W(z1) . b(z2n)) =

where
PP (2, ..., 29,) = Sym, H (2 — 2j)? H (zi — )|,
i<jel i<jell
This formula is a consequence of the bosonization map

1

1 ) .
2) = —=W(2) + p*(2)) = —= () 4 =) 241
B = 00+ 072 = = ) (241
Generalization of (241) is straightforward
T(z) = (10D 4 cilhp) | iths e

V3

where ¢(2) = (p1(2), ¢2(2)) is the two-component bosonic field and hy, are proportional to the weights
of fundamental representation of sl(3), that is 3 linearly dependent vectors in R?

3
1
k=1

Probs:
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Lecture 17: Minimal models V: Friedan Qiu and Shenker theorem

The theorem [5] states that the Verma module VA does not have vectors of negative norm only in two
cases:

e For A>0andc>1
e For unitary minimal model

6 — 1)) -1
c=1— ———, Amm:(mp n(p+1)) for 0<n<m<p+1.
p(p+1) 1

The proof substantially uses the Kac determinant formula

det TV ~ TT(A = Ay )V mm) (242)

m,n

We remind the meaning of (242]). Consider generic state in the Verma module VA at level N

=3 OaL,A).

|Al=p
Then its norm is
(plo) = Y (AILLL A|A)CACpy = T )CXCl. (243)
W
Ap
We know that at A = A,,,, there is a singular vector at level mn

|Xmn) = Dimn| D)  where Dy, = L™ 4 ¢1(b)L_oL™7 7% + co(b)L_s L™} % + ... ., (244)
with mn
=5 (m* =1)b* + (n* —1)b7%) et
Moreover, for any two partitions A and v the following holds |A| = |v| + mn

(A|LAL_y Dy n|A) ~ (A — Ay ),

which implies that
det TP HED (A — A, )L

Thus the product in (242]) exhausts all the required zeroes with the correct multiplicities. It remains to
show that it gives the correct asymptotic at A — oco. It is clear that the degree of (A|L,L_»|A) in A
is not greater than I(X) and I(p) and that (A|LyL_x|A) ~ A!™ Tt implies that

det T ~ AZa=n A

and hence we expect the combinatorial fact

DI =D p(N —mn),

IAl=N
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which can be proven by elementary methods. Namely representing

A={1,...,1,{2,...,2},...}
—— =
ni n9
we have
A= > D om
A|=N S kng=N k

Now we come to the first part of the theorem. It follows from three simple facts:

Fact 1:
(A|L1L_1]A) = 2A(AJA) — A >0,

(A|LnL_|A) = <2nA+ 1—C2(n3 —n)) (A|A) = ¢ > 0.

Fact 2: The Kac determinant det Gy is positive for A > 0 and ¢ > 1. Indeed, for ¢ > 25 all Kac
values are negative, while for 1 < ¢ < 25 we have A, ,, = Ay | for m # n and A, ,, < 0.

Fact 3: The Shapovalov form is positive in the limit A — oo. Indeed, consider the generic state |p).
Its norm is given by (243]). In the limit A — oo only the states with maximal {(X) will contribute, but

for these states we have .
Fux= AR <§5u,>\ + O(Z)) 7
for some positive &.

From these three facts we understand that the Gramm matrix I" is positive definite for large A > 0
and for ¢ > 1 its determinant is strictly positive. It means that it can not become negative since in that
case it should cross 0, but this does not happen.

Now we come to the second part of the theorem. The idea is similar, using Kac determinant formula
(242)) we will eliminate domains in the semi-strip (A > 0,0 < ¢ < 1) level by level. We note that in this
region the Gram matrix is real (and symmetric). Thus all the eigenvalues are real.

Let us remind the formula for Kac dimension

c-1 1 <\/1—0+\/25—cm+ \/1—0—\/25—071)2'
24 24 2 2
We will draw pictures in the first quadrant of the (¢, A) plane. We call

e The line A = A, ,,,

e The curve (A — A, ) (A=A, L)
the vanishing curves and denote them as Cy, ., Ciyn-
A A

Am,n =
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Level 2
det T = A(A — Ay ) (A — Ayy)

where

A271:i<5—c+\/(c—1)(c—25)> and A172:1i6<5—c—\/(c—l)(c—25)).

We note that the vanishing curve Cs; divides our region into three subsets of positive, negative and
vanishing determinant.

S
e

1 c
We demand that there are no vectors with negative norms at level 2. Thus the interior of the red curve
is eliminated, but not the points on Cs ;.
Level 3
det P(g) = A2(A — A271)(A — Alvg)(A — Agvl)(A — A173)

where

Azy = (7—0—\/(0—1)(0—25)>.

| =

(7-c+ Vie—D(c=25)) and Ay =

| =

A A
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As it is seen from the picture, one can exclude entire interior of the blue curve except an open segment
of Uy to the left of the intersection point p = C3; U Uy ;. Let us look at the intersection point p;. We
have

11
AQJ = ALg — (C, A) = (5, 5) .

Thus in this point there are two independent null vectors

‘X1,3> and L—I‘X2,1>'

Moreover the remaining eigenvalue is positive. Indeed, strictly to the right of p; (i.e. A = % and ¢ > 1)
there are 3 positive eigenvalues A\ (c) with £ = 1,2, 3. By continuity, two of them become zero at ¢ =
but one remains positive. Now let us plot the eigenvalues of I'® along the curve Ca

NI

Y

N

p1(another zero from |x3,1))

To the right of the point p; there are two positive eigenvalues, again by continuity. Indeed, fix any
point on Cy; to the right of the point p; and go slightly above it (A > Ay ;). Then all three eigenvalues
are positive. Thus by continuity one of them becomes 0 at the curve C5; and the remaining two stay
positive. Thus the open segment of C5; to the left of the p; is eliminated.

Level 4

det TW = A3(A — Ag1)%(A — A1) (A = Ag)(A — As) (A — Ay 1) (A — Ay (A = Ayy)
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Lecture 18: Modular bootstrap I: free theories, minimal models

So far, we have discussed CFT’s on a sphere, but for various reasons, especially for the purposes of
string theory, it is worth to consider CFT on arbitrary Riemann surface even with boundary. In this
lecture we consider the simplest case of the torus.

The easiest way to obtain the torus is to cut a piece of a cylinder and identify its ends. One can
obtain the cylinder as a map from the plane (without two points). We use cylinder coordinate frame as
in (78) with new coordinates t and o related to the complex coordinate z by exponential map

z=Re R, u=o0+it = ds =R (dt2+da2).

Now in fact there are two options to use the Hamitonian formalism. The one, which we already
used, is known as the radial quantization. We take t € [—00, 0] as a time coordinate and ¢ € [0, 27 R]
a space one. It has to singular points z = 0 and z = co. Then the correlation function of local fields is
related to the Green function as follows

(0|7 [O1(01,t1) ... On(on,tN)]]0)

@) t1)...0 t = 245
< 1(017 1) N(UN7 N)) <0‘O> ) ( )
where the Hamiltonian H has the form
1 2R 1 _ c
. Td :—<L L——). 246
xR J, 7T R\t oo (246)
We note that the momentum operator .

should have quantized eigenvalues n/R, since the coordinate direction is compact.

But one can also consider the same system in the framework of angular quantization. Namely, we
interpret ¢ as the spatial coordinate which spans the whole real line and o as the time. The angular
nature of o manifests itself in different compared to (245) representation for the correlation functions

Tr [7:7 [O1(01,t1) ... On(oN, ty)] e 277

Ty [e-arrr]

Hl

)

<01(0'1, tl) e ON(O'N, tN)> =
Hl
where H’ is the angular Hamiltonian

1 o
o= | T,

T o .

and the trace goes over the Hilbert space H' of angular Hamiltonian.
In order to obtain the theory on the torus, one has to compactify ¢t ~ ¢t + 27 R’ with some radius R'.

It can be interpreted as either the system of size R in radial quantization (245) at finite temperature

1/R

TI' [7;- [01(0'1, tl) e ON(O'N, tN)] 6_27TRIH

Ty [e-arrea]

H

Y

<Ol(017 tl) o ON(O'N, tN)>torus =

H
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or as the system at finite temperature 1/R in angular quantization in finite volume R

Tr 7; [01(017 t1) . ON(UN, tN)] 6_2WRH’]

’}_L/
T [e-zorr

<01(017 tl) ce ON(O'N, tN))torus =
’}_L/

The result should be independent on a way we arrive to it, but puts non-trivial constraints on spectra
and fusion coefficients. This is known under the name of modular bootstrap. We will study it for the
partition function

Z(R,R) &y [e_QWRH/} =Tr [e_%R/H} .
H H
We note that if H = H' and H = H', which holds for SO(2) invariant theories, then one has
Z(R,R) = Z(R', R)

In fact, it will be more convenient to consider general torus with complex moduli as shown on the
picture

Imw

R

Noticing that the operators H and P commute and that e?™F translates through the distance a, one
can write in this case

Tr[...e_%(lm“’H_iRe“’P)} Tr[...qLO_ino—i}
H

(. iorus = = ———H (248)
Tr[e—ZW(Ime—iRewP)} Tr[qLO—@q*LO—ﬂ}

H H

where we have used ([246)-(247) and defined

_ 2irT

w
g=ce with 7= —.

R

Consider general properties of the average (248)). First, since the eigenvalues of P are n/R with
n € Z one can shift w by an integer amount of R. That is (... )¢yus 1S invariant under 7 transformation

T: 17—=>71+1.

At the same time the replacement (w;,ws) = (R,w) by (w2, w;) describes the same torus and hence
(... )torus should be invariant under S transformation

1
S: 77— ——.
T

We note that the same transformations should be applied to 7 since they are complex conjugate of each
other.
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These two transformations 7 and S satisfy the relations

(8T =8 =1
and are known to generate the PSL(2,Z) group or the modular group
at +b a b a b
Tt d ab.c,d €L, (c d)N_<c d) (249)

We note that equivalently the torus can be regarded as the quotient of the complex plane by the lattice
generated by two elements
z~ zZ+mwy+nwe, m,n € Z.

From this point of view it is clear that the torus defined by (w,ws) and by

()= @) = €)= E)

are equivalent. Then the corresponding modular parameters 7 = w;/wy and 7 = w}/w) are related by
(249). From this point of view the generating transformations 7 and S have the form

1 1 0 1
TZ(O 1) and 82(_1 0)

We note that we can assume that Im(7) > 0 (we can change the sign of 7 by replacing ws — —ws).
Thus we have the description of the moduli space of the torus as the quotient of the upper half plane
by the action of the PSL(2,Z) group. The standard choice of the fundamental domain Fy for 7 is
—3 <Re(r) <3, |7 > 1

1

Note that solid lines are glued with dashed ones and thus together with the point 7 = oo the fundamental
domain Fj is topologically a sphere.
Let us start to consider the partition function

2(r) £ T g

where the trace goes over some Hilbert space. Consider some simplest examples.
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Free non-compact boson. In this case we take the Hilbert space which consists of all Fock spaces
Fp ® Fp. Then one has

2 ]. ! 2
/ ol aP = 5 [ lal™ar. (250)

0= i

where we introduced the so called Dedekind n-function

and the integral is taken over some contour. From the definition of 7(7) function we immediately see
that .
(T +1) = exn(r), (251)

and hence the partition function (250)), which involves only absolute values squared is ultimately invari-
ant under 7 modular transformation. Under modular transformation S it behaves as follows

0(-3) = V=T, (252)

In order to see it, it is convenient to define more general objects known as theta constants

NGED IV %H1+q )2(1—¢"),

nez
o 22 (@) T 1
05(7) ) qF =[]+ 6920 - ),
nez k=1 (253)
def n 2 it _1
0a(r) D (1T = [J(1-d"2)P (1 -4,
nez k=1

1) = 59a(r)O5()0a(r)

where we have used the Jacobi triple identity to rewrite the sum in terms of infinite product. Using the
Poisson resumation formul

Ze—ﬂanz-i-ﬁn _ Z - -1-2“r (254)

nez nEZ

20Tt follows from application of the identity

Z5($ _ k) — ZSinkx

kEZ keZ

to the function e~ 7o +8,
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one can derive modular properties of theta constants and Dedekind n—function

1
-

Oo(r+1) = eT0s(7) s ( ) = V=iry(7),
Ia(7 + 1) = V4(7) 9 (-%) iy (r),

(255)
(7 + 1) = Us(7) 9 (—%) Y

o+ =efinr)n (1) = V=i

We note that
Yoty

= 1.
23

and hence we obtain (251]) and (252).
We see that if we treat the integral in (250) literally

00 9] 1
/ ‘Q|P2dP: / 6—47TImTP2dP: 7
—o0 —o0 2v1ImT

11
~ 2v/Tr (7))

then the partition function

Z(7)
is invariant under S transformation as well.

Ising model. There are three characters in this case Xfi‘l) (q), Xg’f) (¢) and xg’f)(q) (including the

factor ¢ 21 = q_ﬁ which we dropped before)

- 1 Os(1
@)+ xS ) =g m [+ ¢ ) = 3( >,

Pl n(7)

(3,4) B LT -1y [0a(7)

X a) = xsie) = a s [J—¢F2) = , (256)
Pl n(7)

Fipa Oo(7)

(3,4) k 2

Xo1 (@) =g | |(L+¢") =4[5~

2,1 ( ) g( ) 277(7_)

Using the modular properties of the theta constants (255]) one can show that the combination

O
0

2]
0

0
=1+
1

_|_

Z(ﬂ:%(

3,4 3,4 3.4
) — QP + WO @ + &)

form modular invariant partition function.
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Generic unitary minimal model. We consider M, 11 minimal model with

6 _ (mp—n(p+1))* -1

Czl_ia Amn_
p(p+1) ’ dp(p + 1)

There are p(p — 1)/2 primary fields in Kac table 0 < n < m < p+ 1 and the character of each
representation is given by Rocha-Caridi-Feigin-Fuks formula (compare to (204)))

c
T 22
ngﬁ'i'l) (7-) — = q g (quJr2k(p+1),n —_ qA7m+2k:(p+1),n) —

T2, ¢ &

1 ((m+2k(p+1))p—n(p+1))2 ((=m+2k(p+1))p—n(p+1))2
= g q 4p(p+1) —q 4p(p+1) =

) iz
1

= m (@pm—n(p—l—l),P(Z’-l-l)(T) - @pm+n(p+1)7p(10+1)(7_)) ) (257)

where ,

O1.4(7) def qu(kJr;—'s) ’

keZ

We note that the theta-function ©, 4(7) satisfies the properties

O,5(T) = O, 5(T) = Or42:5(T) = O, 5(7). (258)

Using Poisson resumation formula (254]) one can find modular transformation properties of O, 4(7)

O, (r+1) =T ),

1 5 1 imrr!
O, —— | =v—ir ——e s O (7).
’ ( T) T’:ZS-i-l \/278 ’ ( )

First equation is obvious. In order to prove the second, we use

@T’S (_%) :Ze sz( ) (M) \/\/—77/7'2 2nTs ’2?— +”“T”€'

keZ k'eZ

(259)

It is convenient to represent
K =—2sk—r" with k€Z and " =-s+1,...,s. (260)
Then the last sum in (260) can be rewritten as
. k z7rrk: z7rr'r 27\—77«
Z e227r7-s<2s 4T Z Z 2imTSs k—l— Z e T 5('7')
k'€L r'=—s+1 k€Z r’'=—s+1

Using the symmetry ([@58), one can rewrite?]
25 1

O, <——) voir Z e~ 0,0 ,(7) (261)

2INote that all the coefficients are real, since ([261]) can be rewritten as

1\ VT N .
@T,s <_;> - \/% <®O S + T(ZI )GT/,S(T) + (_1) 6575(7’)>
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Plugging (259) into the character formula (257) and using the symmetry properties (258]), one finds
R 7 1) = (B )yl ()

and

1 1 p(p+1)—
nggﬂ) (__) — . Z 4s1n Sln% @r,p(p+1)(7)-

T ()\/Qpp+1 =

It is convenient to introduce the notations
A = (p+1)n—pm and N =2p(p+1),

and rewrite the character xb:P* 1(7’) — xaA(7) as

X (T) = Ko (T) = K, (7), - where K\(7) = ——=0, x(7),
K)\(T) = K_)\(T) = K)\_,_N(’T).
We have the following transformation property for K,(7) that follows from (261l)

1Nl 2A
KA( ) e” N K (262)

=0

=

Now, we use the following lemma, which belongs to Cardy [10]. Namely, one can notice that the set
M = (p+ 10" £pm’ with 0<n' <m <p+1,

spans all integers r’ from 1 to p(p + 1) not divisible by p and p + 1 modulo 2p(p + 1) and modulo
reflections " — —r’. It can be proven as follows

o Let
wd—epr—l—lmodN

Then w implements the reflection (m,n) — (m, —n)
WA = Aemn — N(m —n) = A\, —, mod N.
and hence one can rewrite X577 (1) — xA(7)
XA(T) = Ka(7) = Ko (7)

Now apply (262)

Thus we have




e the map (m,n) — A, mod N provides a bijection between the set??
0<n<p—1 and —p<m<p+1

and Zy. Indeed the size of two sets is the same and the map is injective since

Amn = A mod N = (p+1)(m —m') =p(n —n') mod 2p(p + 1),

but it implies that (p+1)(m —m’) =0 mod p, which is only possible if m = m' and hence n = n'.

Using this observation, we obtain

p+1 p—1

0(-7) =% X e v

m=—p n=0

e We note that for A obeying wA = £A mod N we have
Xa(T) = KA(T) — Kua(1) = 0
and thus \’s with this property drop out from the sum (263]). But
Amn = TwApn <= m=0mod p or n=0 mod (p+1)
Therefore we can exclude m = 0 and n = 0 in the sum in (263))

p p-1

(263)

1 1 ( 2imAAm,n 2N
—— | = Y= e N XmalT)t+e N —mnT):
w(1)=m2e X (7) —r
]_ G < 2imAAm,n Zi”)‘kfm,n( ) ( )
- e N —e N T)Xm,nT
\/N m=1 n=1
where we have used
X—m,n(7—> = _Xm,n(7—>’
Thus we obtain
X <_l> S, S = e (1t gy TP, T Dt
’ T ’ ’ ’ V2p(p+1) p+1 D

We see that the matrix § is symmetric and real. Moreover from its definition it follows that

SS§=1 — S '=6.
For generic M, ; model one has

I / i T mm/ T nn,
S = (=1 mnt gin b sin 2
’ 2pq q p

Z2Note that this set in bigger than the Kac table 0 <n <m <p+ 1.
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The expression for the partition function is
Z(r) = Z Nt it Xomn (T) Xt (T),

where Ny, nm/n 18 @ nOn-negative integer number called the multiplicity, that is the number of times
the representation with the highest weights (A, A) = (A0, Ay ) is present. The modular of the
partition function Z(7) is equivalent to the set of conditions

TNT '=SNS ' =N, (265)
where 7 and S are the matrices of elementary modular transformations. In addition we require

Nllllzlv

5Lyt

that is we assume that the identity operator I is unique.
There is a diagonal solutions to (263])

Nm7n,m’,n’ = 5m,m’5n,n’ (N = ]_)’

which corresponds to the situation where all primary fields are scalars (A = A) and all of them are taken
just ones (with multiplicity 1). However, as was noticed by Cardy [10], there are other solutions. In
order to find them we note that 7 is always diagonal in the basis of X, (7). Thus necessary condition
that comes from the 7 symmetry, demands that only the operators with the integer spin may occurP

Amn — Dy = 5 € L. (266)

Thus the matrix element Ny, 5 s # 0 only if (266]) holds. The matrix A” with these properties still
has to satisfy

SN =NS.
L
O |
NI
V2 V2

It can be shown that
() =1 (7)) Fxsi (O + 3727 (1) +xs2 (0 +2xa1 (77 +2|xzs (7)]

is invariant under § transformation. We note that in this non-diagonal solution the fields ®,, are not
present, while the fields ®3, enter with multiplicity 2. This model corresponds to Zs parafermionic
CFT [12]. Two copies of the field ®3; correspond to parafermionic currents (239), while two fields ®j -
with A = = to the ”energy operators” oy and o = o7 from [12].

Znspecting for example the Kac tables for M3 4 and My 5 theories ((208) and [222)) respectively), one finds that this
does not happen. However for the model M5 ¢ (see (232))) we see that

As1— A =3, Aso— A1 =1,

and hence N5 11,1 and N5 21,2 might be non-zero.
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Lecture 19: Modular bootstrap II: ADE classification

General classification of modular invariant partition functions has been done in [13].
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Lecture 20: Modular bootstrap III: compact bosons, lattices

Consider the example of toroidal compactification. Suppose that we have one bosonic field ¢ which
takes values in a circle, that is we identify

p(2,2) ~ o(2,2) + 21R

It can be interpreted as follows. Consider the mode expansion of the field

_ g - o ap __p | Gk __ o +J
(2, 2) :¢0—1J010g(2)—Zjolog(z)—ZZ<fz k+fz k), % =p, [p,po] =1
k#0

We require that under z — €2z the field ¢ transforms as follows

©(z,2) ~p(2,2) +2mnR, neZ (267)

which holds provided that B
Jo—Jo=nR.

Now consider the vertex operator V,, = ¢®#. It transforms under ([267) as

Va — olay €2z7rnaRVa'

The invariance requires that the phase in the equation above is equal to 1 for any n. Thus we obtain
the allowed values of a’s

m
—— mek
(6% R m

Thus our Hilbert space is
H == @mm (fm+ﬂ ®Fm_ﬁ)
R 2 2

R

and the partition function takes the form

Z(r) = 1 q%(%Jr”TR)}%(%—%)Q, (268)

Using the the Poisson resumation formula, it can be checked that (268)) is invariant under 7: 7 — 7+1
and S: 7 — —1 transformations (see below).

Now we want to generalize this discussion and to consider multidimensional generalization of (268)]).
Namely, consider the multicomponent field ¢ = (1, ..., ¢p) with the identification

P — @+ 21ne;, (269)

where (eq,...,ep) is the basis in Rp with the Gram matrix

def
95 = (ei - €;)

and n; € Z. The set of all vectors of the form n;e; is known as a lattice

I'= {niei, n; € Z}
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The identification (269)) corresponds to the torus
T & RP /24T

Now consider vertex operators V, = (@)

Va @ 62i7rni(a~ei)va.

And hence the charges of vertex operators should belong to the dual lattice
o =m;e;,

where
(ei-€5) =3y

J

The Hilbert space in this case is

where each F . er it is the D—component Fock module. The corresponding partition function takes
the form

e; zez _1 m_e{é_niei 2
Z() = ‘2D S gplmers )V gh(mei—52)", (270)

™mi Mg

is again 7 and § invariant.
In order to see it, it is instructive to rewrite (270) in the following way

20 = 3 0 = s 3T
p,pEl'D, D Pel'p.p
where P = (p, p),
A;; = diag(—it, ..., —i7,iT,...,iT)

and ['p p stands for the lattice in R”*P (Lorenzian lattice) with the basis

~ ~ ~ 1
E[:(El,...,ED,El,...,ED), E (el,ez) Ei:§(ei,—ei).

The lattice I'p p is the very special one. Namely, it is integer even selfdual lattice
Integer: grj € 7,

Even: g €27 = P? €27,
Selfdual: g7} €Z = T'=T* and detg==+1.

Consider T transformation

Z(r+1,7+1) S AP et PO g

PEFD7D

1
()PP
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In order to establish S symmetry one has to use the multidimensional generalization of Poisson resuma-
tion formula (254))

1 1 i

—mAi;p'p’ _ —TA; P
E e j = E e T 271
Vdet Ay/det g (271)

pel qel*

that follows from the identity

> d(x—p)= ’—detg > i)

pel’ kel'™*

applied to the function

6—7rAijxixj )

Using (271)) and the explicit form of the matrix A, one finds that

provided that I' = I'*.
Now we come to chiral bosonic theories which are important in superstring theory. It contains 16
holomorphic degrees of freedom which lead to the following chiral partition function

1 p
Zewiral(T) = 7= P(7), where Z qT, (272)
1 (T) p€l16

while the total partition function, which includes the integration over 8 transversal bosonic modes, each
of them contributes as

P2 —4rlmr P?
dpP = / e dpP = = ~ :
/—oo |Q| —00 2vImr Im74

and the factor

1 1 4/= 4/ = 4/ =
778(7-) 7712(7—_) (93 (7-) - 94(7_) - 92 (T))a
transversal bosons GSO ferm;:)nic string

has the form

Z(T,T)zlm(l ( S g% ) (64(7) — 6(7) — 03(7)) . (273)

P€F16

Using (253)) as well as the corresponding formula for n(7)

o+ 1) = fin(r) (1) = Vi)

one finds that the partition function (273) is modular invariant provided that P(7) (see (272)) satisfies

Plr+1)=P(r), P (—1) — P(7) (274)

T
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The condition (274]) holds provided that I';s is even self-dual (also known as unimodular) lattice in R'S.
It is well known that in 16 dimensions there are only two such lattices, known as Fg x Eg and SO(32)

lattices.

We start with the first one. Consider the lattice I's in R® whose Gram matrix coincides with the

Cartan matrix for Ejy

2 -1 0 0 0 0 0 0

12-1.0 0 0 0 0 0

0 -1 2 -1 0 0 0 0
1o 0o -1 2 -1 0 0 0 o I R
95i=1o9 0o 0 -1 2 -1 0 -1| T OO =°

0 0 0 0 -1 2 —1 0

0O 0 0 0 0 -1 2 0

0O 0 0 0 -1 0 0 2

Obviously this is the integer even lattice. Moreover det g = 1 and hence it is unimodular. The basic

vectors of I'g, (simple roots of Eg) can be taken in the form

€1 = (17 _1707070a07070)7 s €7 = (0707070709()’ ]-7 _1)7

1 1 1 1 1111
€s = TR Aa) A’ A Aa'a'a’a .
272 2 20 2°2°2°2

8
D= kaek, my, € 7,

Arbitrary vector in I'g,

k=1
can be represented in the form
8
o (nlan2an3>n4>n57n6>n7>n8) . QZ
p= 1 1 1 1 1 1 1 1 : an € :
n1+5,n2+§,n3+5,n4+5,n5+§,n6+5,n7+§,n8+§ =1

Using (275]) one can compute chiral Eg partition function

PEs def Z q%

PElEg

(275)

We can implement the condition on ny in (275]) by inserting the factor % (1 + e”znk). Then we have

8 2 - 8 nk
e = [ TT o TT S0 TS ™ [T o™

k=1ng€Z k=1nyx€Z k=1ng€Z k=1ng€Z
—— N—_— —— ~ - —
03(q) 04(q) 62(q) 01(q)=0

1
= 5 (65(a) + 03(q) + 05(q) = 1+ 240¢” + 2160g" + ...
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Correspondingly the lattice Fg ® Eg consists of all vectors of the form

(nl,...,ng,ml,...,mg)
1 1 8 8
ny,...,g, M1+ 5,...,Mg+ 5
p= ( 7 17 7 217 7 2) : E ny € 27, E my € 27.
(n1+5,...,n8—|—§,m1,...,m8,) 1 1
1 1 1 1
(m+§,...,n8+5,m1+5,...,m8+§)

and the partition function has the form
1
Py, = 7 (63(a) + 03() + 05(q))”* = 1+ 480> + 61920¢" + . . ..

Now we consider SO(32) lattice. It consists of all vectors in R of the form

16
p= {(”1"“’”16) N Y meez (276)

(n1+%,...,n16—|—§) 1
The character of this lattice has the form
Psoun(r) = 5 (6°() + 6(a) + 0°(0)).
With the help of Riemann identity
03(q) — 03(q) — b2(q) = 0,
one can show that

Pso2)(T) = Py (T),

and hence both heterotic string theories have the same number of states at any level.
Now we clarify the relation of the lattice I'i¢ to the group SO(32), The basis of I'1 consists of the
vectors

e =(1,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0), ... ,e;s = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,1, —1),

I R R R R R B R | (277)

11111111

e — - == ==

16 27 27 27 27 27 27 27 27 %7272727272727%
7

g

9

On the other hand we can define the lattice I'go(32) defined by the simple roots of SO(32)

e =(1,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0), ... ,e;s = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,1, —1),
e = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,1).

We note that (ey, ..., es) are the same for both lattices, but e;5 # e15. We have

€16 = — (61 + 262 + 363 + 464 + 565 + 666 + 767 + 868 + 969—|—
+8e19 + Teqr + 6e1x + Hers + deqs + 2e15 + 2€56)
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and hence
I'soe2) C I'is.
On the other hand since I'gp(32) is integer, we hav

Iso(s2) C F*SO(32)’
So we expect that
I'i6 C Iso32)-
It is enough to show that e;s belongs to IS0(32)- From the definition (277) we know that
e =4, (ég-ex)=0 for k#9, (€15 -€)=—1.
and hence
élﬁ = 46){6 — e;; e F16 C FEO(32)

Thus I'y4 is a sublattice of FEO(32) which is unimodular. We note that similarly

ey C 5000
with the basi

e,...,e; and eg=2e;—e:.

In general it can be shown that one can construct even unimodular euclidean lattices for D = 8k. We
have one lattice for D = 8, two lattices for D = 16, then for D = 24 there are 24 different lattices
known as Niemeier lattices. It is interesting that all of them, except one are related to root systems of
semi-simple Lie groups. The one distinguished lattice (no root) is known as Leech lattice which has the
partition function

1 ° 45
Precen(q) = (5 (65(a) + 63(q) +9§<q>)) — 16%5(0)05(a)63(q) = 1+ 196560¢" + 16773120¢" + ..

For D = 32 there are more than 230 even unimodular lattices.
The lattices I'g,pr, and I'ig are of course both the sublattices in FEO(32)' This fact is even more
transparent if one uses the boson-fermion correspondence. Let us introduce 32 Maiorana fermions

Ar(z) with I=1,...,32.
We can form 16 Dirac (complex) fermions out of them

1 1
Op = —= (Nap_1 +idag), UF = ——= (Ngp_1 — idgy) for k=1,...,16.
k \/5(2]61 2k> k \/§(2k1 2k>

Then using the boson-fermion correspondence one can represent

H, —iH,
U = ne'*, 0 = e "k,

24Indeed, representing

16
e = Z m,(;)ez (eie)en m,(;) €.
k=1
2> Here ey, are the simple roots of SO(16).
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where Hy(z) are 16 chiral bosonic fields with
(Hi(2)H;(w)) = =0 log(z — w),
and n;’s are the Klein factors
g = —mm for i g, mp=1.
One can express any vertex operators as

imHy 05005 .. O, for my >0
e
05005 .. O IE for my < 0
oi(nit3)He _y 03005 ... O™ Ry for np >0
95005 .. O IWE R, for my, <0,

where Ry are the Ramond fields. Thus vertex operators with momenta from SO(32) sublattice (276])
correspond to the following choice of periodicity conditions

()\1,...,)\32)N()\1,...,>\32) or ()\1,...,)\32)N—()\l,...,>\32)

On the other hand for Eg ® FEg lattice we divide fermions into two groups, say (Ai,...,A;s) and
(A17,. .., A32) and for each group the periodicity conditions can be either periodic or anti-periodic

()\1,...,)\16)N()\l,...,)\lG) or ()\1,...,)\16)N—()\l,...,)\lﬁ),
()\17, s >\32) ~ (>\17, ce ey >\32) or ()\17, ce )\32) ~ —()\17, ce )\32)-
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Lecture 21: CFT on the torus I: path integral approach

In this lecture we study CFT on the torus within the framework of ”path integral” approach. We start
with basic definitions. By torus we mean the standard complex torus with the Euclidean metric

ds* =dzdz, z=z+71y, 0<uz,y<]I,

where
T=7+1Ty, T1,T>0.

Geometrically, it is nothing but the parallelogram spanned by 1 and 7 with identified edges. Identifying
z and z + 1 rolls the parallelogram into a cylinder of length 7

] / - TQ

Then we have to roll it again, by identifying z and z + 7. In Hamiltonian approach (see Lecture [Ig]) we
expect to have the following expression for correlation functions

<01(21, 21) R ON(ZN, 2N)>T =Tr <€_T2H6_i7—1p7; @1(21, 21) R @N(ZN, ZN)]> s (278)

where H and P are the Hamiltonian and Momentum on the cylinder. The torus can be mapped to the

—mz

annulus of radii 1 and e*™ with identified edges through the conformal map w = e

1

— iz

w=e
T2

\\\\\ / 27Ty

This map allows one to express H and P through the Virasoro generators as
_ Is _
H:2W<L0+LO—E>, P =27 (Lo — L),
so that the equation (278) takes the form

(O1(21,71) ... Ox(2n, 2x))s = T (qLo—ino—i@ [él(zl, 2)...Onlzoy, zN)]) . (279)
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In the following we will work with meromorphic functions on the torus, or elliptic functions. A
function f(z) is said to be elliptic if it is doubly periodic

flz+1) = fz+7) = f(2).
Any meromorphic elliptic function satisfy two important properties
e The sum of residues vanishes
e It has the same number of poles and zeroes counted with their multiplicities

Both properties can be readily proved by applying Cauchy theorem to the function itself and its loga-
rithmic derivative respectively. There is a standard way to express meromorphic function in terms of
the so called #-functions.

The #-functions: We define the O (u|7) function by the infinite serie<?d

@1(Z|T) d:ef Z(_l)n—%q%(n+%) e2i7r(n+%)z.

nel

This function satisfies the differential equation
020, (z|1) = 4in0.0,(2|7).
The theta function by itself is not doubly periodic, but instead it satisfies
O1(z + 17) = —O1(2|7), O1(z+7|7) = —¢ 2 2™0O; (2|7).
We also define ( and o Weierstrafl functions

aef ©1(2|7) def

()Y G Hme o) ¥ (o),

where the constant

_1ey o) _ . _ (010 ?
m(r) = GO0 2im0; logn(t), n(1) = o ,
has been chosen such that
_1 3 _i 92(1) 5 g3(7) 4 6
((z) = Z+O(z ), p(z) = g + 50 + 53 + O0(2°).
We also have ) .
o(z) = (@i(ZIT)) _ O1(zl7) N 10, (0j7)
©1(z|7) O:(z|7) 3 6(0|)
It will also prove convenient to define
( ) def @1(Z|T)
6.(07)

26Note that ©1(z|7) corresponds to E11ipticTheta[l, 7z, ¢?] in Wolfram Mathematica.
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Now we proceed to derivation of conformal Ward identities on the torus. Repeating exactly the same
arguments as in the Lecture [3] one derives Ward identity in the integral form

S (O(21) - 8.05(z) . Ox(2x) Z ]{ OOL(21) ... On(en))rde,  (280)

where the variations of local fields are exactly the same as in the plane case

" "

5.0 = €(00) + €(LyO) + %(Llo) + ;—‘(LQO) v

Taking €(¢) = const in (280), one finds

> 0k(01(21) ... On(2x))r =0, (281)

k=1

which is the only global WI on the torus. In order to obtain local WI, one has to take €({) as some
meromorphic elliptic function. From the properties mentioned above, it is clear that such a function
should have at least two poles. For example, taking €(()

€(¢) = 0 log ©1(¢ — 2|1) — Oc log ©1(¢ — w|7),

which has exactly two poles at ( = z and ( = w, one finds

(T'(2)O1(21) ... On(2n)) Z Zpk 2= 2)){O1(21) ... Li-104(%5) . .. On(2n))r =

= (I'(w)O1(21) ... On(2n))r — Z > pe(w = 2)(01(21) ... Ly104(2) - .. On(2n)) 7,
where L )
pr(z) = % 0 og ©1(2]k) = o= + O(1)

In other words the combination

Vj

pk Z — Z] 01(21) c Lk_le(zj) c ON(ZN»T, (282)

Mz

(T(2)O1(21) ... On(2n))

7=1 k=0

does not depend on z and thus is equal to zero up to z-independent term. Using the fact that?]

1 1
/po(z—zj)dz:z'ﬁ, /pk(z—zj)dz:O for k=1,...
0 0

2TNote that for k = 0 one has to use (28] as well.
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this constant term can be found by integrating (282)). We have?

/01<T< JOu(1) .. <zN>>sz“Z§D
B o (4 (1 )75 O O] -
_ _(zﬂyqdiq(@l(zl) . On(en))r = 2070, {01 (21) ... Ox(2x))s.

= Z pk(z - Zj)<01(21) ce Lk_l(’)j(zj) e ON(ZN>>T + 27;7T87—<01(21) C ON(ZN)>T' (283)

(T(2)®1(21) ... Pn(2n))r = i [Aj (p(z = 2) +2m) + (C(z — 2j) + 2mz;) 0] (P1(21) ... P (2n))r+
20 (B (1) .. B2y ))e. (284)
Taking for example N = 0, one finds
(T(2)) = 2i70.Z where Z = (1), (285)

Now we consider degenerate fields. When combined with null-vector conditions, Ward identities
leads to differential equation on correlation functions. Consider for example the degenerate field ®q
for which the null vector has the form (@3). Using (284]), one finds

(83 + b [2771(A21 + 20,) + Z(Ak(@(z — i) +2m)+

k=1

+ (C(z—z) + 2771zk)3k> + 2i7r87}> (P(2)Pa,(21)...Pay(2n))r =0.

Taking for example N = 1, one finds

<a2 + b {2771( — % — 3?62 + 20 ) + A(p(2) 4+ 2m1) — ((2)0, + 2maTD (@(2)@a(0)), =0,  (286)

Z8We remind the expansion of T'(z)

T(z) = (27)? (- —Lo— Y Lk 62”’“4) ,

k0

where ¢/24 term comes from anomaly term in (64)) under the map w = e~2"=,
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where we have used (281 to set the coordinate of the field &5 to 0. We also use Liouville like notations
as in (86)). It is convenient to rewrite (280) in terms of a new function W(z|7) as

2
(@(2)@a(0))7 = n(r)* 7704 (2]7) > U(z|7).
Then W(z|7) satisfies non-stationary Lamé equation@

(—83 + s(s + 1)@(2))@(2’\7’) = 2inb*0, ¥ (2|7), s= g — ba. (288)

It is remarkable, that there is a set of s, such that one can analytically solve (288)
b

s=n+mb ie. a:§—mb—nb_1 (m,n) € Zso.

Consider the simplest case s = 0. Then generic solution has the form
UE(z|7) = S (289)

For s = 1, one has

WY (2]7) = /0 1 (91(”“))%2 7EE ((;; (1;)) Wi (2 + 26 20| 7)dv,

while for s = b?

T (2]r) = ()20 /0 1 (@717((“;|)T) ) N (%) i U (2 + 2v|7)dv. (290)

In general one expects m + n dimensional integral. The last formula (290) will be important for us,
since it corresponds to two-point function of two degenerate fields @,

PStationary Lamé equation has the form
(0% + s(s +1)p(2)) ¥(z) = —p(v)¥(2).

Especially important is the case when s is a natural number. In this case the solutions are meromorphic functions. For

example for s = 1 it has a solution
_ O1(z+o|r) o1t

e Feitm

v (z) 01(2|7)

It can be checked using the relation

O"(z+vlr)  ©"(z|r)  ©"(v|T) 2@’(z +v|7) <@’(z|7’) @’(v|7’)) n 2@’(z|7') O'(vlr)  ©1'(0]r)
O(z+v|7) O(z|T) O(v|T) O(z+v|T) \ O(z|r)  O(v|7) O(z|r) O(wlr)  ©1(0|7)

=0. (287)

Indeed the 1.h.s of (281) can be rewritten as

O1(zr)  OL(lr) Oz +u]r))>
—p(z+v) — p(2) — p(v) + <@1(2|7—) + 01 (v|T) B O1(z + U|T))

which is elliptic function in both z and v without poles and thus is a constant, which is 0.
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Conformal blocks. Now we come to definition of toric conformal blocks. They are conveniently
defined in Hamiltonian approach. We start with one-point one

def

Fa(Al7T) = Tr gk 3104, (1)) o (291)
A
It corresponds to the following dual diagram
Ay
Fa(Alr) —
A
Using the definition (291]) one obtains
e AlL Pa, (w)(1)L1]A)
fAT:A24<1—|—< L + ... ,
A( 1| ) q <A|L1L_1|A> q .
where every matrix element is computed using (IG1])
[Ly, @r(w)] = (w0 + Ag(n + D)w") @p(w) = LY - Py (w), (202)

(L [Ls @a(w)]] = L3+ L3 B ().
We note that using (292)) one can rewrite the one-point conformal block ([291]) as

Fa(Ai]7) = qA_i,DI(AhUu Q)w_Al

)
w=1

where D;(Alw, q) is the pseudo-differential operator
1

Di(Alw,q) =1+ (1 ~3A

cgv-ﬂ_vl)w...

This representation is very convenient, when one computes higher order conformal blocks. For example
we define two-point conformal blocks according to the dual diagrams as follows

Ay Ay

Ay Ay
A’ A

Fan(Ai, Dolz,7)  — FaalAy, Aglz, 1) —

30We have set
(Al@a, (1)]A) =1

for convenience.
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The upper indexes (¢, s) stand for ¢ and s channels and can be explained as follows. Any of two-point
blocks is defined as a trace of the form

. . A|Li®a, (w)®a, (2)L_1]A
F3a(Ar, Aoz ) = wigh (<A|®A1<w>%<x>|A>+< L1 o, (1) P, (@)L >q+-")

(A|LiL_4|A)

where the additional factor w”! comes from transformation law for primary field

v = (%) s

Thus one can rewrite

Al AQ )
w, T

A AL

where the operator Dy(Alw, x, q) has been obtained from D;(A|w, q) by the replacement
LY — L2+ L7

fz’fA/(Al,AﬂZ,T) = w1 ¢ 5 Dy(Alw, z, q) FZf(

2imz’
r=1,w=e= 472

1.e.

Da(luw ) =1+ (1= 5

£w+ﬁd(ﬂz+£20q+”. (293)

and F sy; ﬁl iz ’w :B) are the four-point conformal blocks on the sphere in s and ¢ channels respectively.
Namelyf!

(A Ay e e o (A (@) LAY (]2, B, (1)]A)
Fa((a, alme) = 3wt () e e s (AT

IA[=]pel

and

ft'(A AQ‘w 2) = 3 (w—a) A (oA 2IOaLAR) (X LuDay (@) 2)

A A = N aRAMIA) Ve, ()]1A2)

We also define u-channel conformal block. From general properties of sphere conformal blocks one
deduces thatf?
fX7A/(A1,A2‘Z,T) = Z7A/(A1,A2|—Z,T) (294)

It is instructive to identify the solutions (289) as two—point conformal blocks

2 .
Fa (B, Aolz,7) = ¢ n(r) % 04 (2 |T> s2mopz @D i pu (A Az, 7),

Q> ., Q2 ib 1 3y 1
A — _ 2" _.r 295
TP N=Tw (PEg) . A=—g - M=ot (295)
—— N

3INote that in Lecture @ ¢t—channel block was defined as w — oo expansion and u—channel as w — 1. Here we
exchanged t <+ u for convenience.
321t follows from the general symmetry properties of conformal blocks

Ay A Ay A Ay A Ay A
+ 1 4 _ s 1 2 . w 1 4 _ —2A1 s 1 4 —1
Fa (AQA?,‘ )_IA (A4A3‘1 w)’ FA (AQAg‘w) WA (A?,AQ‘ )
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Indeed, one can check that for the special kinematics (298] two s-channel conformal blocks ([I80) have
the simple formPd

b2

Fo (o) = ut(G20P) g0 40) oy )2 (206)

It is straightforward exercise to check that applying the operator (293) to the special conformal blocks
(296]) one restores (298] order by order in g.

Let us note the following curious observation. Both blocks (293]) have a diagonal monodromy along
the a cycle. That is the transformation z — z + 1 leaves them unchanged up to a multiplicative factor

Fan(A,Dplz+1,7) = ezm(Al_A)]:Z,A/(Al, Aglz, 7). (297)
On the other hand, the monodrony along the b cycle, i.e the transformation z — z + 7 acts as follows
Fana(Ar, Aolz+7,7) = Fara (A1, Aoz, 7). (298)

One can argue that (297) and (298) hold in general case as well. While the first property (297) fol-
lows immediately from the definition, the second property looks a bit mysterious. First we note that
Fanal(Ar, Aglz, 7) can be rewritten as

‘FZ7A’(A1’ A2|Z,7_) -

=D g A AT ASATITIN(A @, (1)] A, AN (A, X[, (1)] A, )

A =1
= D7t S NN, 1|, (1] A )AL A, (1A g, (299)
A
where |A, p) is an orthonormal basis and we have set (A’'|®a,(1)]A) = --- = 1 for convenience. It is

important that (299) holds for |w| < 1. For |w| > 1 we use another formula for u—channel block
fX,A’(Ah A2|Z, T) =

= 3 AR g A A AL X, (1)] A, ) (A, 1B, (1)] A, N)

Ap

=1
=) AT AT AHRITIRIA XD, (1)]A, (A, p P, (1)|A, ). (300)
Ap

Note that in ([300) we have renamed A <> p for convenience. In order to obtain (298), we compare (299)
with w = w(z) and B00) with w = w(z +7) = w(z)q~ "

Differential equations on characters. It is also instructive to derive differential equation satisfied
by the characters of the minimal models (204]). In generic M,, , minimal model, one has the identification

(see (T33))

q>1,1 ~ q>q—1,p—1-

Thus the identity field in M, ,, minimal model has a vanishing descendant at the level (p — 1)(p’ — 1).
Using conformal Ward identities (283)) the vanishing of this field can be transformed to the differential

330ne can check that both hypergeometric functions in (I80) are equal to 1.

127



equation on characters ngq)' To this end, it is convenient to use (283) in the special case where

Ok(Zk) = T(Zk)

(T(2)T(z1)...T(2n))r = Z %@”(2 — 2 )(T(z1) ... Thz5) ... T(zn))+
£ 302000 = 2)  2m) + (6= = 2)) +2m5)9; ) (T(=) . T(aw) + 20T (=) .. T(ew))-

(301)

It is clear that the corresponding null vector has the form

(r=1)(p'—1)
<L_2 : +...)1

and since any insertion of L,, results in derivative in 7, we will finally find a differential equation of order
%. This is exactly the same number as the number of primary fields in Kac table for M,, .

Consider the simplest example of Lee-Yang model My 5. There is a null-vector equation

(L2_2 — gL_4) 1=0, (302)

which leads to the differential equation of order 2 after averaging (...),. The term L_, in (302) results
to vanishing contribution due to translational invariance (281]). For the rest we use (301))

TETO), = 5 W) +2(0(2) + 20) (T, + 2im0,(T(0)), 2
—
= (—%@”(z) - 2(p(=) + 2m1) 2imd), + <2maf>2) 1), (303)

In order to find (L?,I), one has to find regular term in ([303) at z — 0. We find

(—%gz(q) + 4n1(q)2im0, + (22'7r87)2) x(q) = 0. (304)

There is a convenient way to treat differential equations like ([B04]). It is well known that the torus
can be viewed as a two-sheeted covering of a sphere with four marked points 0, 1, x and oco. First, the
modular parameter 7 and the parameter x are related as follows

K(1 - 1/t
o BUZD) e K(2) = 2 / dat . (305)
K(x) 2Jo t(1—1)(1 - at)
The inverse to (B05) can be expressed in terms of theta-constants ([253) as
U2(q)*
xr = 306
B,(0) 00

34Note that the same map has been done in Lecture [Tl
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The function z(7) maps upper half plane on to a sphere with three points 0, 1 and co where the torus
degenerates. Under modular transformation z transforms as follows

T:z(t+1) :7:5(%7—21’

S:x(—;) -

Using )
20, — 8K (x)2(x — 1)0s,  1'2(q) = “ir(f) +(1— 1),
92(q) = 6—;[((:8)4(3:2 —z+41), gs(q) = %K(az)b’(x +1)(z — 2)(2z — 1).

equation (B04)) can be rewritten as Fuchsian differential equation with three singular points. In fact, it
coincides with BPZ differential equation (I77) with

2 1
b=1\/; and Ay = Ay = Ay = .

One can check that the parameters (I79) in this case are equal to

A:—i, B:3 and C:§.
10 10 5

In this case BPZ equation has two solutions

o) BB a), a1y (T
5

1 3 7

0 (1 _ x)—3—10F (10110

5

C»Jl»—l

X

@) 2 (2,
x) =2 15X§15)(Q)-

Simple exercise shows that the fusion matrix between s— and t—channel blocks (remember that we have
changed the notion of ¢ and u channel blocks) coincides with S-matrix ([264) for (p,p’) = (2,5).

We note that there is another way to rewrite the differential equation ([B04) in a modular invariant
way. It is convenient to work with Eisenstein series

def 9 0 n2k—1qn
E. =1 )
2k (T) +C(1—2k‘) nEZI 1= ¢

It is well known that all Eo(7) for k£ > 1 are modular forms of weight 2k

Ea, (—1) = 2 By (7).

-
while F5(7) acquires an additive term as

1 67
E, (——) = 72Ey(1) — X
T ™
Moreover all Eo(7) with k > 3 are polynomially generated from FE4(7) and Fg(7). In the following we
will use the relations
2 4ot 876

mia) = T Ea(r). 9a(7) = S-Ealr), a(r) = S Ea(7)
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Also we define Serre derivative (2ird, = —4m%qd,)

def r
D, 40, — L Fala),

which acts between modular forms of weight 2k and 2k + 2, and define

def
D¥ = Doy _9Dojy ... Do Dy.

We also recall the Ramanujan identities

1

W0,F2(0) = 35 (Balaf = Bala)) . ad4Bala) = 5 (Bala) Bula) — Fi(a))

We note that the most generic differential operator which acts on modular form of weight zerd®d has
the form

D" + M Ei(q) D" + X\ Eo(q) D" + Xy Ea(q)* D™ + As Ea(q) Es(q) D" + ...

In particular the differential equation (B04]) is very simple

(D2 N 3615(1)()E4(Q)) x(q) =0.

It is interesting to note that the coefficient \; =
differential equation

—ﬁ is uniquely determined by the condition that the

(D*+ M Eu(q)) x(q) =0,
has a solution
xii@ =2 (1+¢+¢+...),

which corresponds to the character of the identity operator. Similarly, order three differential equation
(D + M Ey(q)D + A2Es(q)) x(q) =0,

has the solution specified above only for (apart from trivial case, which corresponds to Lee-Yang model)

corresponding to Ms 4 and My 7 minimal models respectively.

35Note that the characters correspond to zero-weight modular forms, but corresponding to vector representations.
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Lecture 22: CFT on the torus 1I: free theories

Free Majorana fermions on the torus. We have seen in lecture [I4] that fermions on the cylinder
satisfy either anti-periodic (NS) or periodic (R) boundary condition®®d. Since on the torus the roles of
space z — z + 1 and time z — z + 7 circles are permutable, one has mixed boundary conditions (spin
structures)

U(z+1) =e(z), Y2+ 1) = MY(2),

1 1 11
vV = (V17V2) . (070)7 <07 5)7 <§70)7 (57 5) .
R,R N N N

’ R,NS NS,R NSNS

where

Thus the functional integral splits into four distinct sectors. The same applies to antiholomorphic
fermion 9(2).

It is a little bit tricky to implement boundary condition in time direction within Hamiltonian ap-
proach. One expects that multipoint correlation functions of ¢)(z) in the sector v have the form?T

L€ > |wy| > > we,| > 1, (307)

V1

(W=1) (20 Hw,zTr(Lo Fp(wn) . v(wan) )

where the trace is taken over F1 = Fys, or Fo = Fg fermionic Fock spaces ([210) and ([218)). For
example in NS sector, one can rewrite the trace in (307) as

(¥(21) .. P(22n)) ZZq‘S' Y w0t (21) - (z20-1) Y 0) (0]l -a]0),  (308)

T2n

where we have inserted the complete set of states to isolate the fermion ¢(z2,). On the other hand
consider the correlation function

(W(21) .. (z0m + 7)) Hw,g Tr< Lo~ 35 4y (wang ™ 1)¢(w1)...¢(w2n_1)) , (309)

k=1 V1

where the — sign comes from anticommutativity property. One can expand (309) similarly to (B08])

O 3 D L S e O ]

T2n
(310)
We note that
(O]thsthry, ¥ —r|0) 0 if 19, = |7| — 5],

and hence (B10) is equivalent to (B08) up to a sign, if one replaces r <> s. Finally we have

W(z1) - (zan +7))7 = =(W(21) - ¥ (220))7,

360n the plane NS fields are local with respect to fermionic current v (z) and R fields are semi-local. When mapped to
the cylinder this is translated to anti-periodic and periodic boundary conditions due to Jacobian of w=27"%,
3TWe use here coordinates on the plane w instead of z, where w = e =22,
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which is consistent with NS boundary conditions in the time direction, but not with R ones. In order
to resolve this paradox, one can notice that inserting the fermionic number operator under the trace

Tr (qLO_ﬁ . ) — Tr (qLO_TIS(—l)F . ) ,

does the job. Indeed comparing (310) and (B08) with such an insertion, we find that I(s) — I(r) = %1,
because otherwise the matrix element (0|¢st),, ©¥_,.|0) vanishes. Finally, we have the definition
2

Hk 1 wk Tr < Lo_ilsw(wl) . -1/1(w2n)> 5, -_
jj 1wk < Lo=as (1) ep(wn) . . -@D(wzn)) for vy =0.

—_

for vy ==

(WW(z1) ... (220))% =

Vi

One can apply [BII) to characters

1T 1T
X00(q) = ¢ H(1 —q¢") =0, Xo,%(Q) =q* H \/ 277
k=0 k=0

B | O ) R I N S @ [0(0)
X10(a) =4 L[O(l ¢"*?) ()’ X11(0) =q g(1+q 5) 77(7)'

Comparing to (256]), one finds

(3,4) (3,4 (3,4) (3,4)

X%,%( q) = Xi,1 (¢ )+X3,i)(Q)v X%,O( q) = Xi,1 (g )_X3,i (), Xo,%( )—QX(34)( )-

Considering one-point functions, one finds that the only non-vanishing one is
= ¢» H (L+4") =n(7)
In the following it will be convenient to define other theta-functions

Theta functions

€ n im(n 1
(2]7) dfzqz +3)" g2im(nt3)z. @2(2‘7):@1(z+§‘7)’

neL
Os(27) d:efzqn;emma O3(ztm,) = ¢3¢0, (Z+ +5 ‘ )
2
neZ
n2 .
G E ST et = ke (-4 3]

i.e. other theta-functions play the same role as ©1(z|q), but at half periods of the torus. They obey the
following period shift relations

©1(z + 1|7) = —O1(z[7) O1(z +7|7) = —q 27O (2|7),
Oy(z+1Ir) = =O2(zla) Oz +7|r) = g 2 O, (2]7)
O3(2 + 1[7) = O3(2q) O3(2 + 7|7) = q_%ﬁ’_mz@s(zh)
O4(z + 1[7) = Ou(2]q) Ou(z +7I7) = —q 720, (2|7)



and half-period shift relations

o, (z—i— 5 T) — 0,(2|7) o, (z—i—% T) i 3 e ™0, (2|1),
O, (z + % 7') = —01(z|q) (G2} (z + g T) = _ée_m@s(zh'),
o (s 57 ) =il en (x4 glr) =t entein
O, (z 41 7) — O4(2]g) CHER 5 r) =g e O (2lr),

Correlation functions of Majorana fermion on the torus are computed exactly in the same way as
on the sphere, namely using Wick theorem. Basic ingredient of it is the two-point function in the given

sector (given spin structure)
def

Gu(z) = (¥(2)1(0)).
From its definition it follows that G, (z) has to obey the following properties

1. Locally, it has a pole at z = 0 with residue 1

Gu(z)=—+... at z—0.

2. Quasi-periodicity condition

Gz +1) = G,(2), G, (z+7)=2e"G,(2).

One notices that the functions )
def O, (2[7) ©1(0]7)

vlZ) = )
o) = 5 e @,
satisfy the properties specified above with the identification

1 11 1
V:2_)V_<0?§)? V—3—)I/—<§’§)’ V—4_>V—<§ao)7
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Lecture 23: Verlinde formula

There is an amazing relation between the fusion rules and modular invariance discovered by Verlinde [14]
that we review here. We start with the notion of the Fusion algebra. To give an idea of what it is, we
consider minimal models. As we learned BPZ equations imply that if both (m,n) and (m/,n’) belong
to the Kac table the OPE has the form

(I)m,n@m’,n’ = Z [(I)T’,s] .

(r,s)€Kac

But in general it is not automatically clear which (7, s) appear in the sum above. This information is
encoded by the fusion numbers. In general let ¢; be the basis of primary fields with the chiral OPE

Gi(2)¢5(w) =Y Oz —w)™ 578 (14 ..

We deﬁn@

N = 0 if Cf=0,
J 1 if CE+#0.

Then the fusion algebra has the form
Gi X ¢j = NZ;Q%
The fusion number satisfy several useful identities. First, the product with the identity operator is
trivial ¢; X ¢; = ¢; and hence

k— .
15 — Yik-

Second, the fusion algebra is by definition commutative and hence
i i
Mj = N}z
Third condition comes from the associativity of the OPE

Gi X fkﬁbl = /\/;T-/V’fk¢m

PO Nt o = NN

Formally erasing ¢,, we obtain
1 m ( m
ki Vil — -/vz'j Ik * (312)
We can rewrite (B12) in a convenient way by introducing the matrices N; as
k def 4k
(Ni)j - N;]
Then (BI2) simply states the commutativity of these matrices

38In general /\/;’; might be large than 1. It corresponds to the situation where there are multiplicities in the OPE.
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Consider the fusion algebra for minimal model M, ,. We assume that p and ¢ are large enough so
that all ®; 1, ®9; and @, 5 are present in the theory. Then the elementary fusion matrices corresponding
to these operators have the form
(m'n) = Ot ;mOn ns

(m’,n’)

Ml,l),(m,n)

Af(2,l),(m,n) (m",n") - 5n’,n (5m’,m+1 + 5m’,m—1) 5 Ml,2),(m,n) - 5m’,m (5n’,n+1 + 5n’,n—l) 5

where the Kronecker symbols in the last two equations are expected to vanish at the border of the Kac
table. Namely,

5m’:0,m+1 = 5m’:q,m+l = 5n’=0,n+1 = Op/=gqn+1 — " ° — 0.
The rest of the fusion matrices are generated polynomially from these. Namely, we set

def def
X = Nga), Y = Ngy.

Then we have the recurrence relation
Niupy =1, Ngiy =X, Ny =X Nyg1) — Neaorp, (313)

and similarly
N(Ll) =1, N(1,2) =Y, N(l,n+1) =Y- N(l,n) - N(l,n—l)- (314)

We note that both (B13]) and (314]) coincide with recurrence relations for Chebyshev polynomials of the
second kin
Uo(l') = 1, Ul(l’) =T, Um+1(.§(7) = ZL’Um(I) - Um_l(l').

Thus we can identify
N(m,l) = Um—l(X>7 N(1,n) = Un—l(Y>

The finiteness of the Kac table implies two constraints
Uq_l(X) =0 and Up_l(Y) = 0.

It is easy to prove that
Nimn) = Un—1(X)Up—1(Y). (316)

But we have another relation that follow from the symmetry of the Kac table
q>m,n = (I)q—m,p—n = N(q—m,p—n) = N(m,n)a

which according to (3I6]) can be translated to Chebyshev polynomials as

Uyt (Ut (¥) = Uyt (X) U1 (). (317)
39We remind that . sinm 4 1)9
m(20080) = —————
so that
Us(x) =1, U(z)==, Us(x)=2>-1, Us(x)=2a"-22, Usz)=2"-32>+1, Us(xr)=2"—42°+32 ... (315)
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In particular, taking m = 1 and n = p — 1 one finds
Uy-2(X) = Up-(¥). (318)

It can be proven that (318)) is sufficient for (B17]).
Summarizing, we have found that

N(m,l) = Um—l(X)a N(l,n) = Un—l(Y)a N(m,n) = Um—l(X)Un—l(Y)>
where X and Y are constrained by three relations
Uq_l(X) = O, Up_l(Y) =0 and Uq_g(X) — Up_g(Y) =0. (319)

These relations form an ideal of the polynomial ring C[X, Y].
Let us consider Lee-Yang series of minimal models Ms,.;. In this case one has the condition
U1(Y) = 0 and thus one can just set Y = 0. The rest of the relations (319) in this case have the form

Uyp(X) =0, Up1(X) =1.
Using the recursive relation (315]) one finds
Uzpp—2(X) = Ui(X), Usp-3(X) = Uz(X),  Uzp-a(X) = Us(X) etc
Thus, as expected we have p linearly independent polynomials
Up(X),...,Up_1(X)

They can be realized by p x p matrices, all polynomially generate from

0o 1 0 0 O 00 Dy
1 0 1 0 0 .00 Dy
0o 0 1 0 1 .00 sy
0O 0o 0 1 0 .00
X = ... 00 — (320)
... 1 00 o
1 0 10 D, 5
0O 1 01 D, 11
0 0 11 D, 1
One might ask a question of diagonalization of the matrix (320)
S-X- 87 =diag(A, Mg, -5 Ap).
The result i€ 5 i Ok
Sij = —1) i gin L\ = —2cos ———.
j \/m( ) sm2p+1, k 6082p+1
40Tndeed, one has (fori =1,...,p—1)
2 cn (o 2m(i—Dk . 2x(i+ 1k
Xi,jsj,k = Si—l,k + Si-i—l,k = T 1(_1) +k (sln 7;(; - 1) + sin 7;(; - 1) ) —
_ 2 itk o 2mik 2nk _ 2rk
_m( 1) 251r12p+1cos2p+1 = 2cos—2p+151,;€,



Comparing to (264)), one finds that S coincides with the modular S-matrix for My 5,+1 model, while

k1

8o
e = 1
Sia

This remarkable result are readily generalized for arbitrary M, ,. Namely,

: S
S- Nm,n .S = d1ag(>\1, Aoy Ap—D(a—1) ), AL — <
2

1,1

Often it is written in the following form (known as Verlinde formula [14])

- SiiSi, S
(m'n’) FrsCminig
N’(Tvs)v(mvn) - Z 817] :
i,j 1,1
In general the Verlinde formula is written as (where 1 corresponds to identity operator)

S mSimS.
k 1,mOjmOm,k
NEy = 3 SumeinSnt

(321)

We proceed to the proof (mainly following [I5/[16]). For simplicity we assume that there are no multi-
plicities, i.e. M’; < 1. Basic idea of Verlinde was to consider certain linear operators that act on the
characters. Namely, given that that the character x; can be obtained as the limit of the two-point block

(A
1
x; = lim, g 2% (2)
J
we define the linear operators ¢;(a) and ¢;(b)
i
1
pi(a) - x; = C lim, o 224 (z+1)
J
and for i =p
. 2n(p— 1)k . 2mpk
Xp,jSjk = Sp—1,k + Spk = e 1(—1)1)4_1C (sm il sin i)

2 k 2rk(2p —1 2
== (—1)P**2  sin T cos L Cr=1) =—2cos ——
V2p+1 2p+1 2p+1 2p +
—_—— —

(—1)k+1sin g;i’; (=1)* cos sz"fl

41Sometimes you might find in the literature more general version of Verlinde formula (B21)

SimSsm S
k 1,mOj,mOm,
e e

m

where bar corresponds to adjoint representation.
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¢i() - x; = C1lim,_,q 222 (z—1)
J
where C' is a certain normalization coefficient to be specified below.

First, we shall show that ¢;(a) acts diagonally. Indeed, from the monodromy properties of the toric
conformal blocks, namely from ([297), we have

1 1
1 k k
=2 F (1) 1) S emeeap ()7 (T
& _k=1 ) 1,k & - kzle i 1,k

J J J (322)

i1

where D is the dimension of the conformal blocks and F (; k) are the fusion coefficients for the

)

four-point conformal blocks on the sphere

l [

_;F(;;) n

J
The conformal block in the r.h.s. of (322) can be rewritten back as a sum of t-channel conformal blocks
again using (323). Taking the limit z — 0, one findd

D RN o
di(a) - x; = Ay, where AP = C'_lzeZi”(Ak_Aj)F (Z Z.) F (Z Z.) :
1 J I/ 1k J I/ ka

Second, we consider

Rewriting the last conformal block again using (323)), one finds

N -
¢i(b) - x; :'/\/;l; Xt where ,/\/'Z'; — O Le2imA (Z ?) F < (K’ ) .
Jilu \k k),

2A;

421f the theory is non-unitary, then the term 2722+ is not the most singular one. In this case we just pick 27247 in the

OPE by definition.
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Finally, we fix C' such that ¢;(b) - x1 = x;. In order to do it, we note that

.. -1
F vt _ e—2i7rAi5ki’
11/, ’

which readily follows by noting that

l ?

Thus we have
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Lecture 24: CFT in curved space and Weyl anomaly

One way to define the stress-energy tensor is to place a system into a curved background. Then 7}, is
defined as a response to infinitesimal variation g,, — g, + 0g,.

68 = 4i / 89, T /g d*, (324)
v

and then computed in flat metric g,, = d,,. We remind that there are many ways to embed original
theory into background metric. This leads to intrinsic ambiguity in the definition of 7},, (see discussions
around (II)). In this lecture we will study CFT in generic curved background.

For coordinate transformation z* — x* + e*(x) we have

0Guw = Ve, + Ve, Ve, = 0,6, — Ffwg,
where T'), is the Christoffel connection
L = %9” (Ougvo + OvGuo = Do) -
Under such variation (according to the definition (324])) we have

0eS = %/VMEVT’W\/gd2w = —% /EVVMTW\/ECZQ:B
and hence on-shelf*d we find that the energy-momentum tensor satisfies the covariant continuity equation
Vv, = 0. (325)
We note that (323) leads to the conservation law, only if the metric g, admits isometries
V.K,+V,K, =0,

then we have

V,(T'""K,) =0 = V,(T"K,)=0,(T""K,) + Fﬁu (TK,) = L\/_@M (T K,\/9) .
g

In QFT we take the identity
- 1

k=1

/Vue,,(:c)(T“”(w)(’)l (x1)...0On(zN))Vg(z)d*T, (326)

which holds for any local fields Oy, as definition of 7},,. Then standard argument shows that (825) holds
up to contact terms. More precisely, in ([326) only vicinity of x;’s contribute to the integral over d*x,
which means that one can write a covariant form of local relation ([45])

0@) = 3 [ Ve )T w)0@ViPY - 3 § o) (T ()VE) Ol

S or

Dy

43By on-shell we mean ”provided that equations of motion for matter (CFT) fields hold”. The metric here is considered
as an external field.
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Locally one can choose conformal complex coordinates (z, z)

ds® = e°dzdz, G- =05 =0, ¢.: =05, = %e", gF =2e°.
In these coordinates one has
[ =00, T2, =00, R,=-000 = R=—4¢°000 (327)
The conformal transformations are actually the same as in the flat space z — w(z)

o(z,2) _ dw 2

~ldz
while the continuity equation (323) takes the form (V,T# = 9,T* 4 T, T + T, T+)

2 o(w,w)

, or o(z,2z)=oc(w,w)— log’z—f

0=V.T+ V. T% = 9T% + 0T + 2L T% + T2, T,
and similar equation with z <+ z. Using (327), one finds
e 20(e*T#) +e79(e"T%) =0 = OT.. +¢e"9(e"T.z) =0

In flat metric, conformal invariance is equivalent to vanishing of the trace of 7T},,. This condition is
known to generalize in curved background to the so called conformal anomaly condition (in differential
form)

Ty = aR. (328)

In conformal frame (B28]) reads
T,; = —addo = OT,, — a(—(050)80 + 8250) =0,
but the second term is a total O derivative, which implies

OT =0 where TYT. % (=(d0)" +20%). (329)

The object T is known as holomorphic stress-energy tensor. However, in view of (329) it is not

actually a tensor, but rather a pseudo-tensor. Indeed the additional term ¢ = —(80)2 +20%0 in (329)
transforms as

dw\ 2
t(z) = (%) t(w) — 2{w, z} under conformal transformation 2z — w(z).

Since T, is a true tensor, the holomorphic object T'(z) should transform anomalously as well

T(z) = (%)2T(w) +afw, 2}, (330)

It is natural to interpret 7'(z) as a holomorphic stress-energy tensor in flat metric. Then, comparing

([330) to ([64), one finds

c c
- - _‘p 1
o 5 = T 12R (331)
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Similarly to the stress-energy tensor, other fields in CFT can be dressed by the metric to invert them
into covariant objects. For example, having spinless primary field ®A(z, Z) one can construct a scalar
field

Y (2,2) = e 2P, (2, 2). (332)

Similarly a covariant extension of the descendant field L_;®a(z, 2) is
L1 @a(2,2) = 0 (e8P Pu (2, 7)) .

It is instructive to derive integral form of the conformal (Weyl) anomaly (B31]). By definition (324])
the trace of T}, describes the response to the variation of the conformal factor of the background metric

G — (1 +60) g,

1
55 = E/(SaTj\/gd%.

For partition function in CFT it gives the variation formula

log Z = E 5o R\/gd*z. (333)

It will prove convenient to decompose the metric as

o(®) s

glw(a:) =€ gMV(w)a

with some reference metric g, () and use the transformation formula for the scalar curvature
VIR =3 (R = 80) .

where Aj; is the covariant Laplacian in reference metric §,,(x). Then the variation formula (333)

converts to
c A ) -
dlog Z = 18+ /50 (R—Aga) \/Ed x.

This equation can be easily integrated producing the integral form of the conformal anomaly equation

R c (1., . )
Ze?g] = exp [487 / Vi (§g“ 9,00,0 + Ra)] Z[3). (334)

Similar analysis can recover o dependence of correlation functions of covariant fields. In particular
for scalar fields (332]) one has

(@9 (21,21) ... 9 (21, 21)) [He—ﬁwzml (@9 (21,21) ... DY (21, 2))) (335)

Equations (334]), (833) and similar equations for descendant fields allow to study CFT in curved back-
ground, since the metric dependence of correlation functions is universal.

Now we are going to derive the Weyl anomaly equation (334]) for Gaussian theories. We will see that
while the action of those theories does not depend on a conformal class of the metric, the measure of
integration in the functional integral does. This dependence in the source of anomaly. Consider several
examples. For each of the examples below we provide also an invariant infinitesimal distance in the
space of fundamental fields
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e Free massless bosonic field. In conformal gauge the action does not depend on metric at all

1

1 v Guv=pSpv 2
S = gf\/ﬁg“ 0,00, pd*x ™" = o (Ou0)° .

The invariant distance is

661 = [ V5 (50)
e Fermionic ghost system
1
Sghost = - / \/EBWV“C”d2:c, B,, =B,, and B,g¢" =0.
s

which is also a conformal field theory. Since B* is symmetric and traceless, we have only two
non-vanishing components B,, and B;; and hence we have

1 . 1 - _
Sghost = E / (BZZVZCZ + Bzzvzcz) d2.’,C = % / (B&C + B@C’) d2$,
B=B,, B=Bs; 0=C* C=C~

In the last equality we used the fact that the only non-zero Christoffel symbols in conformal
gauge are I'Z_ and I'Z. and hence they do not contribute to the action. The covariant infinitesimal
distances in the space of fields B, and C* have the form

[|[6B||* = / V90 B, 0 Basg' 9" d*x = / p '6BéBd*x,

el :/\/§5C’“5C”gwd2ac:/p25050d2a},
e Dirac fermion has the covariant action (compare to (I27))

1 _
e / VYV, g
8T
where the gamma-matrices are ”covariantized” with the help of vielbein eje} = g,
def a v v
M=yt = 1 = 29",

and covariant derivative involves spin-connection

" 1
wubVab U Y = _h/aa Vb]

1
VU =0,0— = ;

2

We consider generalized B — C' system (compare to (I27) and (I41]))

5= ﬁ (BAC + BAC) dx. (336)

The fields B and C' can be either Grassmann numbers or not. This is not important at the moment. We
are working in the conformal gauge: g,,(z, %) = e?(22) 0, and the conformal factor is already cancelled
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in ([B30) due to conformal invariance of the model. But it does not cancel in the measure in the path
integral and this this the reason for o-dependence of the partition function called the conformal anomaly.

We note that the action (336]) is invariant under the holomorphic change of coordinates z — w(z),
provided the the fields transform as j- and (1 — j)-differentials

dw\ '™ dw\’ _ o (dw\' L L (dw) -
B — (E) B, C— (E) C, B — (E) B, C— (E) C,
where j is an arbitrary number. For example, it is 0 for 5 — « system (I41I]) and % for Dirac fermion

QFT (I4I). The measure in the path integral over the fundamental fields (B, C, B, C) should be defined
according to the invariant distance in the space of fields (here p = e?)

16B]% = / p§BSBd*x, ||6C|]2 = / P60 C . (337)

In practice it is more convenient to redefine fundamental fields
B —p7B, B-— B, C—C, C—piC.

After this redefinition and integration by parts (here we treat our fields as bosons), the action and the
interval will have the form

1

" 4r

(B(y78)C — C(y'0)B) i, ||3B|* = / SBSBdx, ||5C]? = / S5CsCd .

In other words, we just moved p dependence from the measure to the action. Then it is clear that the
partition function is equal to the inverse of the determinant

771 = det(2p770) det(—2p"10) = det A;, A_; = —4p~20p0.

where

Aj = —4pj lap j&.
First of all, we note that under the transformation
z—=w(z), zZ—w(2), p— |w'*p (338)
the operator A; transforms as follows
Aj = (W) A w)™,
and hence the eigenfunctions transform as
TU) 5 ()W),
It means that the covariant metric on the eigenspace of the operator A; is (compare to (337))
i) = [P
It is easy to show that

(U9, A U)) = (D0, D;U))  where D; =2p779,
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and hence A; has non-negative eigenvalues. In fact, having a zero eigenvalue is a subtlety. Formally,
any holomorphic function €(z) is a zero mode of D;, but we need only those which are normalizable.
Consider for example a sphere with Fubini-Studi metric

dzdz o, 1
TENER |

14 [22)*
|e(z)Pd?x
T+ [ =
For j = 0 only € = const satisfies this bound. It corresponds to the zero mode of the bosonic field. We

can either throw it or compactify on a circle. In another case, which will be interesting to us, j = —1,
any quadratic function

ds® =

Then we must have

€(z) = a+ bz +c2®

is a zero mode of the operator A_;. They correspond to the global conformal transformations.

Our goal is to compute the determinant of the operator A ;. Clearly the spectrum )\E»") is unbounded
and hence the determinant is divergent and requires regularization. It is convenient to use the so called
proper time regularizatio

dt , A _ XAt o [ _
logdetAj:—tr/ 7(6 Aft—et):—/E 7;@ AJlt—et> (339)

€

It is hard to compute ([339)) by it self, but it is relatively easy to compute its variation with respect to
Weyl transformations p — p + dp

dlogdet A; = / tr (6A e 2") dt = / tr ((] - 1)—ije_Ajt —jp - p]_l—pe_Ajt) dt =
€ € p p
> ) ) _ .
= / tr ((] — 1)?ije_Ajt + 4j?pp_]8 ceAdt. p]_la) dt =
o ) )
= / tr ((] — 1)—ije_Ajt - j—pAl_je_Aljt) dt,
; p p
where in the second line we have used cyclic property of the trace and in the third an identity
AP B = ABe*P' with A =2p770, B=207'0, AB=A,;.

The integral can be explicitly taken and we arrive to

dlogdet A = tr [%((] — 1)e i€ —je‘AlJ‘)} : (340)

4 Here we use integral representation formula for log A

_ Ooﬂ —Xt _ -t
log\ = /0 t(e e )
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It is convenient to study (B40) in coordinate representation, i.e. we represent

(@) = [ Kllle ) )ity
Clearly K;(t|x,y) satisfies heat equation
(0, + AY) K;(t|lx,y) =0 with K;(0|z,y) = 63 (x — ).

In terms of this heat kernel the variation ([340) takes the form

dlogdet A = /

op(x) (. . 2
(@) ((J — 1) K;(elz, ) — jKl_j(5|$7w)>d .

For our purposes we need only the expansion of the diagonal part of the heat kernel K (e|x, x). For
given & = (2, Z9) we perform global conformal transformation

_aw—l—b

= d—bc=1
: cw+d’ “ ¢

such that in w coordinate system the point zy is mapped to 0 and moreover the following holds

p(0,0) =1, 9p(0,0) =0, 9p(0,0) =0. (341)
Then from (B338) we find
1 ap(070) 1
b=2p(0,0)2, c=—"-=, d=p(0,0)5.
0p(0,0) 2P(O,0)£ p(0,0)

Then we represent ~
Aj = —400 + Vj(w, U_))

and compute the kernel Kj(e|lx, ) by perturbation theory. The key observation is that since we are
interested only in first few terms at € — 0, only few orders are needed. Indeed, one can write

K;i=(0,—400+ V) ' =(K '+ V) '=(1+KV)) ' K=K —-KV,K +... (342)

where K is the Green function of d; — 400
K(t|z,2') = i A
In coordinate representation (B42) can be rewritten as
K;(€]0,0) = K(€]0,0) — /E dt’/dzle(e — 10, 2")V;(2)K(¢']2,0) + ... (343)
0
Since we are interested in small € expansion, it is convenient to rescale all integrals in (B843))

1 1
t—et, z—ez = K(tz,2') = = K(t|]z,2'), /dt/d2z—> 62/dt/d2z. (344)
€

146



From (B44) it is clear that the integral of the k-th order in perturbation theory in (343)) is proportional

to ft f &
oynumber of [dt [ d°z
Ek—l (6 )

Enumber of K
Thus if the operator V; is of order €, as we will show in a moment, the non-vanishing contribution will
be given by zeroth and first order terms in (343). For V ;(x) one has
V(@) =400 — 49" ()0p~ (2)0 = 4(1 — p~ ()90 + 4jp~*(x)9pd =
= —20,0,p 1 (0)2"2" 00 + 4jO\Op(0)2 D + . ..

where in the last line we retained only the terms which are finite in the limit ¢ — 0 after rescaling
1 .
x — ezx. Thus we can keep only first two terms in (343). We have (remember x = (z, 2))

\z\ — — z 2
K(€[0,0) / dt / d*z = 1_t>e T (20,0,p7(0)2"2 99 — 4j0rdp(0)a*d) e i + O(e)
(345)
The integral over the angle allows to replace z#z” = l:1:2(5‘“’. Also in
1

A&,\(ap)ae 4t = (Za p—|— Zaap) 8@ 47: — _g

the integral of 22 drops out and for the integral in (345]) we obtain

e 70 (il P 1PV p
dt PE (DY ) 2e =
95p(0 / /167r2t1—t ( P ot -

~ 90p(0)
T 4r

In our coordinate system (341 we have

(z282p + zfaép) e s

/1 (4@ (1= 1) —8(1— t)2>dt _ () - ézraép(())

(o}

p=e" = 9dp(0) = 8do(0) = —%R
and thus we finally obtain the heat kernel expansio

Kj(e|.71r:,:1:):46—7:6 {1—@6%—...} (346)

Summing up we have

1 2(67% — 6] + 1
Slogdet A = —— / s gl — 2L 4829 ) / soR /Gl

which after integration over do gives

1 1
det A; = exp [é / VI <§g“”8ﬂa&,a + Ra) d*x — Tre /e”\/§d2w] ,

where
c=—2(65%—6j+1) (347)
Z(n—l— q) = _E (64> — 6g + 1)
n=0

45The coefficients in ([346) are known as Seeley-DeWitt coefficients.
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Lecture 25: 2D quantum gravity, Liouville CFT

The defining property of the conformal field theory is its simple response to the Weyl rescaling of the
background metric, a conformal anomaly equation

Z[e%g] = exp [48% / NG (%g’“’@ua&,a + Ra)} Z[q]. (348)

Now, let us assume that the metric g, also fluctuates. Then it makes sense to consider entire partition
function

Z= / D) Zg) exp(—Symarlg]) = / Dy)[DP] exp(—S[®. g] — Sgeasl]). (349)

where Sgrayv[g] is purely gravitational action. There are many gravitational actions one might consider.
We will take Sgray|g] in the form

Serarlg] = Ae / Jidm + % / N (350)

The first term corresponds to cosmological constant term, while the second to Einstein-Hilbert action.
In two dimensions this term is a topological invariant

1
— [ RygdPz =1—
87T/ \/E x ga

where g is the genus of our surface. If we do not sum over the number of handles (as we actually do in
string theory), this term is a constant and can be dropped.

In computing the partition function (349) one faces the problem of over counting of degrees of
freedom. Indeed, the infinitesimal metric transformation

0Gw = Ve, + Ve,
can be compensated by the coordinate transformation
at — xt + €.

It means that each field configuration in (349) is counted infinitely many times. In order to obtain a
finite result, one has to divide by the volume of the diffeomorphism group, that is to define smth likd9

[DQW]

D (351)

[Dg] =

Of course, this strange “ratio” of measures has to be properly defined. It is hard to define the
measure itself, but one can define what we mean by infinitesimal distance in the space of metrics and
vector fields. A natural covariant way to do it is

169, = /\/g(guagv6+§guvgaﬁ) 89u0gapd’x, ||€"|]* = /\/ﬁgwe“e”d%,

46We also have to assume that any metric can be obtained from the fixed metric guv by coordinate transformation and
Weyl rescaling. In general this is not the case and there is some finite dimensional space of moduli on which the reference
metric g,,, may depend. We will not discuss this issue here and assume that there are no moduli as in the case of a sphere.
Then one can choose g,,, = 0,,, for simplicity.
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where & > —% is an arbitrary constant. Consider generic variation of the metric
0 = oo + (Vyue, + Ve, — gV - €).

Then do and e variations got separated
116g,u||> = / VI (2014 26)(60)% + GuagusX %) d®x, where R L TH L TH — g e,

and hence we expect that the measure becomes the produc
[Dg,u] = [Do] det(F{")[De],
where P/ is the symmetric traceless differential operator
P = VH + VY6 — g™V,
We see that if we divide by the ”volume” of the diffecomorphism group as in (851), one has
[Dg] = [Do] det(PL").

It is instructive to arrive to the same conclusion by the procedure known as Fadeev-Popov trick.
Namely, let us insert the identity under functional integral

1= Ape(g) / Des (™) — g, (352)

where (g")¢ is the metric transformed by diffeomorphism €. Since we can always reduce the metric to
the form ¢ = e~7§" (fix the conformal gauge), the delta function in (352) has the form

5((9"™)° = 9) = 6((g2))0((g") = (5%)) = (V' + V2o 2V e! — 292¢)

Using the analogy with finite-dimensional integrals for which we have

n . 1
i=1

we have )
o ((¢") = g") = 5(e")(e%) = App(g) = det P,
det P

5 (€ [ Vi + V3 -
P (62) o (2V161 — 2V262) — I <

47In conformal frame ds? = pdzdZ one has

where

mHmlmN

e\ (Ve -V Vie+ Vi
A\ Ve + Vi Vi - Vi

116G, |” = / (20(1+26)(d0)* + 2p°E A €°) dx,

so that PA“V ~A_j.
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Now in the integral (849) one has

Z= / DDA ((6°2))5((g™)° — (%)) Arp(9) Zlg] exD(—Seeav g]).

Since this path integral is still diff invariant, one can replace g — ¢g¢. Then the integral over ¢¢ localizes
to the support of § functions and the volume of diff group factors out

7 - / De] / (Do) Arp(§) Z[6] exp(—Serav[3]),

where g, = €70,,.
The Fadeev-Popov determinant det(P}") can be represented by the Gaussian integral over the an-
ticommuting fields B, and C*, where B, is symmetric and traceless

B 1
det(P{") = /[DBW] [DCH|e™ 78t Sipost = E/\/EBWV“C”f.’I;. (353)

The ghost theory (853) is a conformal field theory. Since B* is symmetric and traceless, we have only
two non-vanishing components B,, and B:: and hence we have

1 . 1 - _
Sahost = g / (B..V:C* + B:;V.C?) d’x = 7 / (BOC + BoC) d’z,

m m

B == BZZ7 B - ng, C = CZ, C’ = Cz.

In the last equality we used the fact that the only non-zero Christoffel symbols in conformal gauge are
I'?, and I'Z, and hence they do not contribute to the action. We see that the action does not depend
on a conformal factor ¢ and hence represents a conformal field theory. It’s behavior in the background
metric is controlled by the conformal anomaly equation (348]). The covariant infinitesimal distances in

the space of fields B, and C* have the form
|68 :/\/ﬁéBuyéBagg“ag”Bd%:: /p_15353d2a:,
|6C|? :/ﬁéC”éC”ng,dzw:/pzéCéC_Z'de,

and hence, according to ([347), this CF'T has the central charge ¢ = —26 which implies that

2 1
Zghost|€7 9] = exp (_487 / V9 (59“”%0@0 + Ra)} Zghost[9]-

In (349) we have two CFT’s with central charges ¢ and —26 which implies that

c— 26

Z = Zcrr|9)Zgnost[9] / [Do] exp {ﬂ

1
/\/ﬁ (59’“/5”081/0 + Ae? + R[g]a) dza:} . (354)
where A is some renormalization of the initial A, in ([B50) which come from both anomalies for CFT

and ghost theory. We note that the measure [Do] in (854) is ancested from the measure for the metric
9w and corresponds to the interval

[0c||? :/\/560(50)20[21'.

150



It is not translationally invariant o — o+ C'(x), but rather invariant under the combined transformation

oc— o+ C(x), G — ¢ @y,

It is hard to work with such a measure and it is desirable to replace it with a linear one, i.e. the one
which is invariant under the shifts o — o + C'(x). Of course, replacing the measure, we have to pay a
price and compute the Jacobian. Here we propose, following David, Distler and Kawai [17,[18], that the
Jacobian is an exponent of a local action

1
Jac = exp {_E / N/ <%9W0M08,,0 + Noe? + A;;R[g]a) de} .

In general, one might expect that there will be more general potential term in this “effective” action
and different dilaton coupling, but as we will se below only this form is consistent with the reference
metric independence. If DDK conjecture is true, the Jacobian just renormalizes terms in the action. It
is convenient to change normalization of the field o, such that the kinetic term will have the traditional
form. We will denote this rescaled field ¢. It dynamics is described by the Liouville action

1
Sulp, 9] = e / V3 (QWQM&/QO + QRyp + 47w62b“”) d’x, (355)

where b, () and p are new constants related in an obvious way to the previous ones. For the partition
function one has

7 = Zeprlgl - Zgnosilg] - ZLlg] mmezmﬂ§ﬂm¢4WL (356)

It is important that in (B56) the measure [Dy)] is linear one.
The reference metric g, in ([B50) is just an auxiliary metric, it can be chosen at will. In particular,

if we write
uv = eﬂ(m)huua (357)

our partition function should be independent of Q(x). First two factors in (356]) correspond to CFT’s
and transform in controllable way. It means that Liouville theory should be a conformal field theory
such that the total central charge vanishes

€+ Cehost €1, =0 or ¢, =26—rc. (358)

Let us study the question: under what conditions on the parameters b, () and p the Liouville theory is
a conformal one with the desirable central charge. Consider the Weyl rescaling (857)). Let us set p =0
for the beginning. We have

Splp, eh,] = i / Vh (B 0,00, + Q(Ry — M) d*x
In the last term we can transform by parts to obtain
Splp, eh,] = i / Vh (W 8,00, + QRup + Qh" 0,00,0) iz
Finally we note that in terms of the shifted field
p=p+ 20 (359)
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we have an equality
Q ~ Q2 1 v 2
SL[Qpae hw/] = SL[Q)O’ h;w] - g \/ﬁ §hﬂ 8M§28VQ + RpQ ) d°x
Moreover due to Weyl anomaly one has
1 1
[Dglon = [Dpln exp <48—7T / vVh <§h‘“’8“(28,,9 + RhQ) d2;c)
Altogether one has
1
Zy[e*h] = Z[h] (408—L7r / Vh <§h’“’8u§28,,9 + R;ﬁ) de) where ¢, = 1+ 6Q°.

From the balance equation (358) one concludes that
25 —c

2 __
Q==

All that has been obtained with the assumption that the cosmological term

I / Vet d . (360)

is absent in the action (355]). There are three sources of €2 dependence of this term. First the metric
term /g, second the shift (35J) and third an anomalous dimension of the exponential field e**?

[#9)ean, = "] (361)

Combining all this, we find that the cosmological term (860) is background independent provided that

1
-
Q@ +

We note that in order to have real b one has () > 2 and hence ¢ < 1.

Few comments on (361 are needed. If h,, = d,, and € is a constant, the exponential field e*¢
acquires anomalous dimension due to summing up an infinite series of tadpole diagrams (see (I02]) and
(I07))). Formula (361]) is a generalization of this phenomenon in a curved background. It goes as follows.
Consider Liouville action (B53]) without cosmological term. The path integral diverges because of the
zero mode of the field ¢. We might fix the value of the zero mode ¢y by demanding that

/goR\/Ed2:c = —4/@850’d2w =0.
Equivalently, we define the field

~ def

1
© = —po where ¢g= . /QOR\/ﬁan:
T

The Green function of the field ¢ is not well defined due to zero mode issue, but formally it is the same
as in flat space. Indeed, by definition G(x,y) = (p(x)p(y))

—p (@) AG(z,y) = p (2)0? (z —y) = G(z,y) = —% log [ — y|* + const (362)
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which implies after tuning the constant term in (362) that

(P(@)p(y)) = — log |z — yl? — L los(p(@)n(y)).

Then similarly to (I05) one has

620135(%) — 62a2(¢(w)¢(w)> 620‘95(:”) = [Tgp(w)} o

e2ap () :

which suggests to define primary field
Valw) & [rEp(a)] " 2o,
In Liouville CFT we define total primary field, including the zero mode
V() dof [r%p(w)}azezwoezw(w) = 20V ()
We are interested in multipoint correlation functions of primary fields V()

(Vo (21, 21) . Vay (2, 2v)) & / [Dle 529V, (21, 21) .. Vo (2n, Zv).- (363)

According to the discussions above (B63]) depends of the metric in universal way

N

<Va1 (Zl, 21) e V(XN(ZN) 2N)>6"5,W = H 6_A(ak)a(zk’2k)<val (Zl, 21) . VaN(ZN> 2N)>6HV' (364)
k=1

Now, assume that the measure [Dy] satisfies
[Dy] = dipo[ D2,

then the integral over the zero mode ¢q in ([B63]) can be easily taken, provided that > ay > @

[t 0 ) v B

Then we have from (363))

<Va1(zl, 21) . VaN(ZN> EN)> = %?(Val(zl, 21) e VaN(ZNa ZN) (,u/f/b\/gcﬂw)_s)m (365)

where in the right hand side we have free-field average. As a simple consequence of (B6H) we get
Knizhnik-Polyakov-Zamolodchikov formula

1 (Vi (21,21) . Vi (20, 2) / Vi) = (3 0~ Q) (Vo (1. 21) - Vy (2 20),

so that insertion of the field [ %\/§d2w does not change considerably the correlation function.
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We note that the threshold > aj = @Q corresponds to trivial singularity of the T" function, while the
free field correlation function in the r.h.s. of (B6H) is well defined for s < 0 as well. We will interpret

([B65) as (according to ([864) we take g, = d,.)

Res (Vo (61.6) - Ve (v )| L wrGuler . &n),
where
-1\ 5
Gn(&1,...,EN) = ( n') H & — & /H |2 — &~ H zi — 2|7 APz . d2 2, (366)
Ty k,l i<j

We note here an important point, on which we have not comment so far. In Liouville CFT V, is a
primary field with conformal dimension

Ala) = a(Q — a).

Since this is a quadratic equation, it implies that there two solutions for given conformal dimension. In
our formal study of CF'T we always assume that there is exactly one primary field of a given conformal
dimension. If Liouville CFT is consistent with this requirement, the following relation must hold

Vo—a = R(a)Va,
where R(«a) is some constant called the reflection coefficient, which must obey

R(a)R(Q — ) =1.

Probs:
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Lecture 26: Liouville CFT
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Lecture 27: Coulomb integrals I: three-point function

Consider the integral G, (&1, ...,&n) given by ([B66). From its definition it is obvious that it satisfies

N
_ —4A (o) aly +b aén + b)
Qn(fla---agN)—g|C§k+d| gn(CflﬂLd””’CfNﬂLd '

This property allows one to set any three points to 0, 1 and co.

Basically, up to a factor, one has to compute the integral (here A, = —2bay, g = —b?)
1 n N
®n(A1,...,AN‘£1,..., def /HH Zk_£l|2AlH|ZZ Zj‘4gd2 d Zny
k=1 =1 1<J

(367)
=-2-2(n—1)g.

Mz

k=1

The last condition is equivalent to screening condition » | ay + nb = Q. In particular it guaranties that
the integrand in non-singular at z; — oo. The integral in ([B67]) converges at least in the domain

N -2

A —1 _
g > —1, 0<g<2(n_1)

(368)

In the following, we will always assume that the parameters Ay and g belong to (B68]).
Let us start with the basic integral

I(A,B) Y |z|2A|z—1|23d2a::§lim |g|—20/ 12242 — 1128|z — ¢ dPx, A+ B+C = —2. (369)
R2 — 00 R2

The integral in ([B69) converges provided that
A>-1, B>-1, C>-1 (or A+B<-1)
In order to compute ([369) we perform a counterclockwise Wick rotation and introduce new variables

2ze

y = —ite u=zx+t v=x-—1

Here € is an infinitesimal positive number. Then the integral takes the form

v —ie(u — v))A(v —1—ie(u — v)) dudv

—

I(A B) = %// u+ze(u—v))A(u—1+Ze(u—v))B

—00 —OQ

The € dependence of the integral I(A, B) prescribes proper deformation of the contour. It is convenient
to divide the domain of integration over w into three intervals: (—o0,0), (0,1) and (1,00). Then the
contour of integration C over variable v looks like
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u € (—00,0) ue (0,1) u € (1,00)

L] m L] L]
N N N
0 1 0 1 0 1

We see that for u € (—o0,0) and for u € (1,00) the contour C can be shrinked to zero, while for
u € (0,1) it can be transformed to the integral

00 1
(1 _ e—2i7rB) /UA('U . ].)Bdl) _ —227rB /7_—2 A— B )Bd’T.
1 0
Altogether one has

1 1
I(A,B) = / ut(u — 1)Pdu(1 — 6_2”3)/ A - ) Bar =
0 0

1+ A1+ B o Dz
7(7(2+)A(+B)) (1 + A1+ B)y(1+C), where ~() d:fﬁ.
We computed
oA, eppa . YAHADYA+A) L oioagoa,
J R e e e e R . (370)

But we will need also a multidimensional generalization of this relation

n n+l
24, — ) 7/ 1 + 2+24;+24; 1
/Hlel|Z SR dan oz, AT R At A) g'fl ! > (871)

where

=[]z - =

i<j
The identity can be proven by simple change of variables
’ Hi;éj(gj - fz) ’ ’

We note that ) p; = 1. It can be proven by noting that

n+ 1.

nt1 vt T (=) o p
p; = R(t)dt, where R(t)= =~ o —— + reg,
Z J 27TZ H +1(t _ é—]) s _ é‘]

and C surrounds all the points &; in the counterclockwise direction. On the other side the contour C can
be closed to infinity where the function R(t) has a residue —1. The Jacobian of this transformation is

D,(z)
Dn+1 (ﬁ) 7

d2p1 .. .dzpn = Jacd?z .. .d2zn, Jac =
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where we used Cauchy determinant formula (I35]). Hence we have

n n+l

/TIHVZU%D 2z = [ I m”““A/Ihmm

=1 j=1 1<j

2An+1
-1 ‘ d’p,,.

We note an additional n! factor in the r.h.s. It reflects the fact that the map (z1,...,2,) = (p1,. .., pn)
is not bijective since p;’s are symmetric functions of z;’s. Thus if (z1, ..., 2,) span C", (p1, ..., p,) do it
n! times. The formula (B71]) follows by repetitive application of (B370]).

Now we consider the three-point correlation function integral

el
I.(A, Blg) / /H\zk\A\z G | (PR

1<j

where A = —2ba;, B = —2bay and g = —b*. We note that according to (37I]) one can represent

n
H |Zz zj‘4g = 7) n(z>% / H |t2‘ - Zj‘_2+2g'Dn_1(t) d2t1 .. .dztn_l.
i,j

T
1<j

Then the integral over (z1,...,2,) can be taken with the help of (B71))

n n—1
/H 2z = 12 T lar — 2D, (2)d%2 . .. d?2, =
k=1 =1

_ m"n! (1 + A) (1 + B 2(A+g 2(B+g) 4g—2
e e IIu| S | R

i<j
Thus we obtained the recursion

m(ng) (1 + A)y(1+ B)

I.(A,Blg) = v(9) Y2+ A+ B+ (n—1)g)

I,—1(A+g,B+glg) (372)

The reduction is solved by

o m Y1+ A+ (k=1)g)y(1+ B+ (k—1)g)
I.(A, Blg) —H (2+A+B+(n+k—2)g) .

k=1

We note that our basic integral identity (B371]) can written in a more symmetric form

n n+2 n+2 n+2
/1_[1_[|zZ E12Y Dy (2) 2 ... APz, :W"n!H7(1+Ak)H|&—§j|2+2Ai+2Aj, ZAk =—n—1.
i=1 j=1 k=1 i<j k=1
(373)
In fact the condition ZZ:% Ap = —n — 1 is a reminiscent of a screening condition and is equivalent to

the condition that oo is a regular point. The relation ([B71]) follows from (B73)) in the limit &, — oo,
but it can be shown also explicitly. It is instructive to compute the three-point function using this new
relation. It is in fact equally the same as was done before. We compute

&, (A1, Az, As|&r, &2, &) = /H|Zk — &Mz — &P — &P [ 12— 2l d2 . AP,

1<j
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where, as always, A; + Ay + A3 = —2 — 2(n — 1)g. We will use (873) only. First, we choose one point,
say &3, and represent

. o _ V(ng)
|Zk . §3| 2(n—1)g |Zz — . 2+4g _ %
,g g ’ (n = Dlrm=ty(g)"

n—1 n
X / [T 1te = &7 T 1t — 212D (8) dty - . APty
k=1 j=1

Then the integral over z’s can be taken (one can check that the conditions of applicability of (873)) hold)

n n—1
1 (e _
E/H\zk—§1|2A1\zk—§2|2A2\zk—§3|2(‘43+( DT lak = 451> D(z) 2 .. dP2 =
’ k=1 j=1

= 7"y (14 A)y(1 + Ag)y(1 + Az + (n = 1)g)y" "} (g) ¥
% ‘51 . £2|2+2A1+2A2‘£1 . £3|2+2A1+2A3+2(n—1)g‘£2 . £3|2+2A2+2A3+2(n—1)gx

n—1
% H |tk - £1|2(A1+g)|tk _ 52‘2(A2+g)|tk _ 53‘2(A3+ng) H ‘tz o tj‘—2+4g
k=1 i<j

Hence we have

Bn(Ar, As, Aglér, €2, 65) = Wzgf)v(l T AL+ Ar(1+ A + (n— 1)g)x

% ‘51 . 52‘2+2A1+2A2 |£1 . £3|2+2A1+2A3+2(n—1)g‘£2 . 53‘2+2A2+2A3+2(n_1)g®n—1(Al _'_g’ A2 + g, A3|£1, £27 £3)

The coordinate dependence of three-point correlation function of primary fields is completely fixed
by the conformal symmetry

(Vo (€1, &)V (€2, £0)Vay (&3, &3)) = Can, a, ) H |2 — 2729,
i<j
where Ajp = Ay + Ay — Ag. For the constant C(aq, as, arg) the recursion relation (872) takes the form

b b _ (=) 7(2bar)y(2bas)
C (041 + 50 X2 + 3 Oég) = T 7(b(oz1 PR Q))’Y(b(al ¥ o — ag)) C (o, a,a3). (374)

This relation holds only “on-shell”, i.e. provided that > oy +nb = @ , but we pretend that it actually
holds “of-shell” as well. It is more convenient to rewrite ([B74]) as

b b b b
C(Oél—i-b,OéQ,Oég)NC(O&1+§,042—§,O(3) NC(OK1+5,OQ,O(3+§) NC(OQ,O&Q,O@).

Collecting all factors coming from (B74]), we find

C(og +b,az,a3) 1 Y(2bay )y (2bay + 0%y (b(as 4+ a2 — aq) — b?)
Clon, ag,a3)  wub2y(b?) y(b(ozl + ag — a3))fy(b(oz1 + ag — Oég))’}/(b(Oél +as+ a3z — Q))

(375)
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Actually, we already saw the relation (375]) (see (I86])) before when we studied the fusion properties
of the 4-point correlation function with ®; 5, ®5; insertions which correspond to the fields V_ b and V_ 1

in Liouville CFT. Comparing (I86) and (875) we note that that they coincide after identifying

o1+b 9
~tar+l 1 v(2bay + b%)

c* o, wub?y(b?) y(2bay — 1)
_§7a1+§

We note that conformal invariance dictates also dual relation

C(ay + b7 ag, as) 1 (207 an)y(20 Ty + b72)y (b + ap — o) — b72)

C(ay, as, az) b2y (b72) W(b_l(al +ag — 043))7(5_1(@1 +az — 042))7(5_1(041 +ag +az — Q)) '
(376)
Now, we are ready to formulate the celebrated DOZZ formula [19}20]
L= () [, Y(20n)
T(a = Q) [Tiz, Tla —2ay)

One can easily check that this formula satisfies shift relations (I86) and (B7€) with

C(ag, ag,a3) = [W,uv(bQ)bz_zbz] ., where a=a;+ay+as. (377)

L
b2

iy (07%) = (mpy(b%))
In fact, shift relations define (B77) up to the product of normalization factors

N(Ozl)N(OéQ)N(O@).
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Lecture 28: DOZZ formula
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Lecture 29: Coulomb integrals II: four-point function

Let us start with generalization of our integral identities (B71]) and (B73)). First of all, we give a simple
intuitive meaning of the integral formula (B73]). Namely, suppose we have an N—point correlation
function in Liouville CFT

(Vor (€1, &1) - Vay (En, En)) R(a) (Voo (£1,&1) -« Vo—an (En, EN)),

u,’:]z

where we used that V, = R(a)Vg_o. Suppose, that we have two screening conditions which hold
simultaneously

Saptnb=0Q, > (Q-a)+mb=Q.
In this case we have

N

Gular, .. anlé - &v) = [ Rlaw) Gn(@ — a1, .., Q — anlé, ... &), (378)

k=1

where

gn(ala’”aaN|£17”’7£N) -

—@V“%/ID%—m4mIDa—m4ﬂf e,

1<j 1<J

and R(«) is the reflection coefficient

(wpy @) 5" 5 (2ba — 7)
2 Y2 =2 Ta+b2)

R(a) =

The validity of both conditions requires that
(m+n)b+ (N —2)Q = 0.
One can easily check that (373) corresponds to (878)) for m =0 and™

b:L or c¢=—2.

V2

Actually (378) predicts the following more general identity generalizing (B73)

n n+m+2 n+m+2

24, 2 2 2424, 424,

ﬂ-nnl/H H =& Dn(u) duy ... douy, = H 7(1+Ak)H|€i—€j|+ 245
k=1 i<j
m_ntmt2 ntm+2
—2—2A; 2 2
7Tmm| /H H €]| JDm(,U) d V.. d Um, Z Ak = —n— ]. (379)
k=1

48In principle, it is not clear why the case of b? = —% is so special and might be more integral identities generalizing

T
r+1°

(B73). This is unknown so far. There is interesting case corresponding to unitary minimal models, or b = —
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or in simplified form (with &, 10 — 00)

n n+m+l n+m-+2

1 24, 2 2 o (14 Ag) 2424424,
[T I1 lu— &1 Du(w) dus ... du, = []16 — &P
mn! /1':1 j=1 =4l () d"u ! V(L +n+ 30 A) i<j e "

m n+m+1

1 —_)— .
% wmm! /H H |,Ui - §J| 2 2AJDm(’v) dz'Ul R dz’l}n,
’ i=1 j=1

Let us prove ([B79). Consider the integral on the left in (879) and introduce
b= [1im (& — wi)
’ Hi;ﬁj (51 - 5@) 7

Among n +m + 2 variables p; there are m + 2 linear relations. They can be found by noticing that the
rational function

=1,....n+m+2.

H@:1(t . Uz) n+m-+2 p; 1
Ut) = =5t = Z behaves as  U(t) = — at t — o0.

This behavior implies that the variables p; obey

ntmt2 n+m-+2
Z ,Ojﬁjl-“:() for k=0,...,m, Z pjgybﬂ:l.
j=1 j=1

The measure has the form

n+m+2 m
D, (u) dur . dPuy =n! [ 16— & <H 62> m&f)) 0D (3ot = 1) dpr o i,
i<j=1 k=0
Then up to a factor
o H ‘gl - é—j‘2+2Ai+2Aj (380)
i<j

the integral in the Lh.s. of (379) has the form

n+m+42 m
[0 e (H 62> ,ojsf)) 6D (3 i = 1) dpr o dPpimis =
j=1 k=0

1 n+m+2 ‘ m—+1 i (pk b pjg‘l;f«}c.c‘) -~ i(pm+1 +I7m+1)
— (27)2(m+2) / H |p;|*Y H e 2 e 2 Ppy .. & pupmp2 dPpo . . PPy
j=1 k=0

Integrals over p; can be taken using
[ 2P = my (14 ) pl

We find

m4n+2 ntm+2 m+1

(B:@D:(;T)gw ]1:[1 7(1+Aj)/ H ’Q;Pkff

i=1

_2_2Aj _ i(Perl +5m+1)
2

e py. .. d*pmy (381)
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It is convenient to rescale
Pk — PkPm  for k#m.

Then we find that the integral over d?p,, is just the ¢ function with the support on p,,+1 = 0. It implies

n+m+2 n+m+2 m—1

—2-24;
@D ] ) [T [Xnd+g " en -
j=1 j=1 k=0
n—m Ntm+2 m n+m—+2
s

-T I 7(1+Aj)/H I1 v — &2 D) dor ... vy, (352)
Cia =1 j=1

where
m—1 m
™+ Zpkxk = H(:c — ;)
k=0 i=1

Remembering the factor (B80) we’ve left on the road, one finds that ([B82) implies (379).
Now we study the four-point correlation function with one ®; 5 degenerate field

<V b (Zv 2)‘/&1 (O)Va2(oo)Va3(1)>.

2

On-shell this four-point function is proportional to the Coulomb integral
J™ (A, Blz) = /H Itk 24t — 18|t — 2|79 H ti —t;|*9d%t, . .. d*t,,
k=1 i<j

where b
A:—2b041, B:—2b042, a1+a2+a3—§+nb:Q.

As usual, we represent (for simplicity we will skip all factors)
H ‘tl — tj|4g ~ Dn(t) / H |Ti — tj‘_2+2g,Dn_1(T) d27'1 e dzTn_l.
1<j 0,J

Compared to the 3-point case, the integral over ¢ can not be taken, but rather gives one-dimensional
integral (note that the interaction of 7; with 2 does not appear)

th 24t — 1128ty — 2|72 t, — 7:| 729D, (1)d?, . .. d*t,, ~
J
k=1 j

J
~ ‘Z|2(1+A—g)|z _ 1|2(1+B—g) H |Tj‘2(A+g)|Tj _ 1|2(B+g)'D29—1(t)X

J

< [l e - e s T e - . (383)
J
From (383]) we obtain a recursion
IO(A, Bz) ~ [ Az 1 050 / €172~ 1 722 e 2| 23 (Akg, Bgl€)d’€. (384)
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Repeating ([B84) again
J™W(A, B|2) ~ |22 0+A=9) |z — 1|20+B-9) «

x / € — 2 TRy RARy — 1Ry — TR 0T(A 1 99, B+ 2 v)d*¢d%,
and taking the integral over &, we get
3(")(A,B\z) ~ \z|2(1+A_9)\z—1|2(1+B_g) / \1/\‘2_2‘4_29|V—1|_2_23_29\V—z\_2+493("_2)(A+2g,B+29|V)d2y.
Repeating this arbitrary number of times, we get
IW(A, B|z) ~ 220449 |2 — 1)20HB-9)
v /|V|—2—2A—2(k—1)g|y 1|22k Yg |y, 2 keg (R (A | ko B 4 kglv)d.
In particular, for k£ = n one has
J(A, Bl2) ~ |2+4A-9) |, 1 |20+B-9) / || 2 2A=2n=1)g |y, _ | -2-2B=2An=D)g|, _ ,|-242ng g2,
_ / |€[2A+2n—Vg|¢ _ {]2B+2n—Dg|c _ =g g2c  (385)

In the last line we used (B7I). We see that the number of screening fields in this formula is just a
parameter. As usual, we suppose that (B88) holds “off-shell”, i.e.

0/M%@%AW%JWW@OW=Q@u%ﬂ@VW“V—lﬁ%/EW%—1WK—4%f§ (386)

2

with
b b b
a=1b Oég+0&3—0(1-@+§ y B:b 041+042—043—Q+§ y ’)/:b Q+§—041—042—Oé3 .

The constant Q(aq, e, a3) can be easily found by considering the limit z — 0

Q—a—b/2
b

Qar, az,a3) = (—mp) [77#7(52)62_%1 y
x T (—8)T(201) T (202) T (203)
T(Oél +ag+az3—Q— 3>T(a1 + oy —az — %)T(al + s — g — %)T(C\fg F o — oy — g>

The expression (380) has to be compared to the one we’ve obtained before (here A and B are different
from those above)

a—t b a1+t b
(V1 (2, 2)Va, (0) Vg (00) Vi (1)) = c_%;lc(al -5 ag) IF(2)2 + C_%fojlc(al 5. ag) IF_(2) ]2,
(387)

where
Fi(z) =221 — 2)" F(A, B,Cl2),

F_(2) =@ )1 — )1+ B-C1+A—-C,2—-C|2),
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and
2 2

The function F(A, B,C|z) in ([B87) is the hypergeometric function. One of possible integral representa-
tions for F(A, B, C|z) involves contour integral from 0 to 1

A:%“‘b(al‘l‘ai),_Q)“‘b(aQ_Q), B=1+b(a1+a3—Q)—b(a2—9),

r(B)i((g)_ B) /0 e O I

In order to relate these two representation, we perform Wick rotation in the integral

F(A,B,Clz) =

Ia, B,]2) = / €2 — 12%)¢ — 2P (388)

and obtain

I(a, B,7]7) %// u+leu—v))(v—ze(u—v)))a((u—1+ie(u—v))(v—1—ie(u—v)))ﬁ-

—00 —0O0

((u =z +ie(u—v))(v— 2 —ie(u —v))) dudv  (389)

Now, suppose for simplicity that z is a real number z € (0,1). We divide the domain of integration over
u into four intervals: (—o0,0), (0, 2), (z,1) and (1, 00). Then the contour of integration C over variable
v looks like

u € (—00,0) u e (0,z)
A N N . N\ A
_/
0 z 1 0 z 1
u € (z,1) u € (1,00)
m L]
—/ o/ —/ —/ —/
0 z 1 0 z 1

We see that only the domains (0, z) and (z,1) contribute.
It is convenient to define

0 1 00
- d I; = d I, = d
/_oof(x|2) z, / f(el)dr, Iy / f(xl2)dr, I, / f(]2)dx
= J2]fz — 1]z — 2"

There are two linear dependences between the functions I;(z), which follow from contractibility of the
contours

166



We have . , .
Il(Z> + e_lﬂaIQ(Z) + e_”r(‘”“’)[g(z) + €_Zﬂ(a+ﬁ+7)]4(2> = 0,

Il(Z) —+ €i7ra]2(2) + €i7r(a+ﬁ{)]3(2> + €iw(a+ﬁ+ﬁ/)[4(2) = 0.

It is convenient to take as independent functions (compare to (387))
L(z) =22Q 2P+ B-C,1+4A—-C,2-Cl|z) and I(z2) = F(A,B,C|2).

This functions (conformal blocks) have diagonal monodromy around 0. Then [;(z) and I3(z) are ex-
pressed as

sin 7y sin w3

L(2)=——""" T —1
1(2) Sin 7T(O{ + ”Y) 2(2) + Sin 7T(Oé + 7) 4(Z>’ (390)
sin o sinm(a+ 8+ 7)
I3(z) = ————ID(2) — — I4(2).
sinm(a + ) sin (o + )
For non-contractible contours in ([389) we have
C/ m /.\ — eiﬂ(a“i’ﬁ“i”}/) (_[1 (Z) + eiﬂ-a_[2(z) + eiﬂ-(affy)jg(z) + eiﬂ'(af'yfﬁ) _[4(2)) ,
0 z 1
\.O/ " rl\ — etm(atp+7) ([1(2) + eiﬂ'a[2<z) + em(aﬂ)[?’(z) + eir(e+r=5) [4(z)) ’
z

where we fixed the phase of the integrand over v to be e™@*#+7) in the interval (—oo,0). The phase
over u should be e~ (@+5+7) in the same interval, since our two-dimensional integral (e, 3,7|z) is real.
Then we have

I(a, B,7]2) = e ™ Iy(2) (I1(2) + €™ [(2) + €TV I3(2) + €™ I (2)) +
+ e—in(a—i—'y)lg(z) (Il(z) + 6i7ral2(z) + 6i7r(a+'y)]3(z) + 6i7r(a+’y—5)]4(z)) ’ (391)
where the phases e~ and e~""(®*) are easily read off (389). Substituting ([390) into (BII), one finds

sin o sin 7y
sin (o + )

‘2 sinmfsinm(a+ 5+ v
sinm(a + )

I, BA)7) = 1(2) NP

We note that this expression is real and single-valued at z = 0. Equivalently, it can be rewritten in
terms of functions

L(2)=F(A,BJ1+A+B—-C|l—2), I3(z)=(1—-2)"9 2 p(C—~AC-B,1C —A—BJ]1-2)
with diagonal monodromy around z = 1:

sinTasinT(a+ 8+ 2

Y

‘2 sin 73 sin 7y
sinm(a + )

I(e, B,]z) = ) |52) 1(2)

sin (o + )
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and hence this integral is single-valued at z = 1 (and automatically at z = o0).

The fact that the integral I(«, 3, 7|2) is single-valued on a sphere with three punctures was clear from
the beginning, since its form (388)) is ultimately single-valued. From the other side, we have obtained
the same result from the “bootstrap” equations

-t
C—g,oq C<a1 - %70470é3> _ fy(A)’y(B)”y(C — A)’}/(C — B)
5 o+ bava) HOMC 1)

2

Thus we confirmed both methods.
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Lecture 30: Coulomb integrals III: screening fields

We have seen that Coulomb integrals for correlation functions can be decomposed into sum of products
of contour integrals. This expansion is similar to the expansion into the sum over the conformal blocks.
Thus if we are interested in holomorphic objects, we can consider holomorphic bosonic fiel

o(2)p(w) = —% log(z — w) + ...

Let us rephrase what we have done in last lectures, but ih holomorphic language. We are interested
in multipoint correlation functions of holomorphic vertex operators V,, =: e2*¢(2)

Vo (z1) ... Voo (20 ‘ =W 2 — 2;) 72
Warta) Vool = e T =2)

Here w is some phase which is related to kinematics. In particular, if |z1| < |22] < ... then w = 1. The
balance of the charge can be changed by the screening charges

def 1 ;
8:% o 21 gz, (392)

26+ p(2)

The vertex operators e are special ones, because they have conformal dimension 1 under the

improved stress-energy tensor
T = —(0p)* + Qd*.
We have

T(£>€2bi1so(2) _ 62bi1¢(2) + ae2bilso(z) 4= g (@
(€22 e 9z \ €=z
The meaning of this formula is that the stress-energy tensor does not feel the screening charges. They
role is to change the charge condition.
The problem with the definition (B92)) is that the contour of integration should be closed. It is not
really trivial task to find such contours. Consider the following example

) oo = ¢ 2TIT(E)dz = 0.
Ce

62w

<VC‘fl (Zl) s VaN (Zn)v-l-) 5 ap+b=Q = omi fH(zl - Zj)_2aiaj H(Z - Zi)_%aidz’ (393)
1<j

The integrand in (893)) is a mutli-valued function. The basis in closed contours consists of Poghammer
contours. Namely, fix two points z; and z;. Then the Poghammer contour P, ; has the form

49Note that here we use different normalization of the bosonic field compared to the one used before.
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Lecture 31: Classical CFT I: correlation functions

Classical regime of CF'T corresponds to the limit ¢ — oo. Though the details of this limit may depend on
a CFT under consideration, kinematical quantities, like the conformal blocks, admit universal behavior.
We consider ¢ — oo limit of Liouville CFT

) 1 o . 1
Slp. g = 3 [ V3 (8" 0us000+ QRp + 4mpe™) P, Q=b+ 7.

b

Since ¢ = 1+ 6Q?, the limit ¢ — oo can be archived at either b — 0 or b — co. We can rescale ¢ = b~1o,
= m"b"2A. Then in the limit A = b* — 0 the path integral is dominated by the stationary points of
the classical action defined by

1

~ A ~ 1 ~ o Auv » o
S[Spag;w] = 13 (SCI[U> guu] + 0(62)) 5 Scl[aa g/u/] = E / \/E (g“ 8,p@ua + Ro + 4A€2 > d2i13.

b

The Euler-Lagrange equation for the classical action Sg[o, §,.] has the form
1~
—Ago(x) + S R() + 4\e* @) = . (394)

Using /gR = @(f% — 2A;0), where g, = €*§,,,, one has

SR(@) +4A =0, (395)

So, the Liouville equation is just the statement that the metric g,, = €2§,, has a constant curvature.
Let us take g, = 0,,. It can be done at least locally. In complex coordinates (394]) reads

000 = Ne*. (396)

This equation, known as Liouville equation, being non-linear, is in fact exactly solvable. First, one
notice that ~ ~
t=—(00)+ 0% and t=—(00)*+ 0%, (397)

are holomorphic and antiholomorphic functions respectively, i.e. ¢ = t(z), t = #(z) provided that o is
on-shell. In fact, (¢,%) are nothing else but the components of the stress-energy tensor. This fact is a
manifestation of the conformal invariance of Liouville equation

Su(), 2o, oo log ]
Z wlz Z wl\z g o — —10 —_—
’ ’ 2 gdz

Important role plays e~ which is the classical counterpart of the degenerate field
satisfies two differential equations

1 ((I)Lg ﬁeld) It

2b

(0 +t(2))e™" =0,
(0° +1(2))e ™ = 0.

In a similar way one can show that e727, a classical version of ®; 3, satisfies

(398)

(0° +4t(2)0 + 2t'(z)) e =0,
(0° +4t(2)0 + 2t'(2)) e =0,
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etc.
Equations (397) and (B98)) can be used to solve Liouville equation. Namely, let ¥(z, Z) be a solution

to the system
(0% +1(2))¥(2,2) = 0,
(0 +1(2))¥(2,2) = 0,

where t(z) and #(Z) are some holomorphic and antiholomorphic functions complex conjugated to each
other (this is ansested from their definition (B97) through the Lioiuville field o). Then, let 1;(z) and
19(z) be two linearly independent solutions to the holomorphic equation (399), normalized by the
condition

(399)

W, ta) = 1t — a0ty = 130 (%) 1 (400)
and let 11 (Z), () be their complex conjugates. Then one can check that the combination
0(2,2) = —log (Ayi(2);(2)) (401)
is a solution to Liouville equation (396]) provided that
det A = —A. (402)

Indeed, let y; = Aij@j, then we have

90 (= log (V1 Y1 + 1aXa)) = 00 (—log (1 + w—X—)) ~5 L ___ detA
Ui xa 14 L2k (Y1x1 + ¢2X2)2’

N

U1 X1

where we used

P (@) _ D0y =0 1 5 (&) ~ X19X2 — X20x1  det A
W U v\ xi X

Formally (@0I]) provides a solution, but one has to impose further constraints. First of all o(z, 2)
should be real. It can be archived by demanding that A is a Hermitian matrix A = A*. More important
thing is to ensure that o(z, Z) is single valued. As we will see below this is a complicated task to perform.
The basis of solutions (¢1(2),¥»(2)) normalized by the condition (400) is not a distinguished one. It
can be rotated by some SL(2,C) transformation to the basis in which the matrix A takes a canonical
form. In the condition ({02) only the sign of A matters@, the rest can be absorbed by the constant
shift of o(z,z). Since the sign of A corresponds to the sign of the curvature according to (893]), one
distinguishes two cases

Positive curvature: A= <(1) (1)) ,
. 1 0
Negative curvature: A= R

Now, suppose that there is a non-contractible loop C such that the solution acquires a monordomy
around it (again we assume that ¢(z) is a single-valued function)

Wy — M5, 122 — M:j@j-

50We note that in our case A > 0 as required by the path integral to converge at large ¢.
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As we demand that the solution (401]) is single-valued, we must have
M*TAM = A.

Therefore the monodromy matrix M should belong to the real subgroup of SL(2,C): either SU(2) for
positive curvature, or SU(1,1) ~ SL(2,R) for negative one. If there are more non-contractible loops,
this condition should hold for all of them.

Now, let us study elementary solution to Liouville equation corresponding to the case

t=0 = i(z) =1, a(z) =2
Then for positive curvature one has the solution

4dzdz

) — 1 1 2 2 _ 2 5 —
o(z,2) og(l+|2|?) = ds*=¢e"dzdz (EEBE

which is Fubini-Study metric on the round sphere . Namely, we take the sphere 2 4+ €€ = 1 embedded
in the flat space with the Euclidean metric ds®> = dt? + d€d¢ and introduce stereographic coordinate z
as shown on the picture

that is

&
=

Z =
Similarly, for negative curvature one has

4dzdz

N L2 2 _ 20 - _
0(z,z) = —log(l — |z2|*) = ds°=e€*dzdz =P

(403)

which is the metric of Poincare disk (Euclidean AdS,). It can be realized as an embedding of a two-fold
hyperboloid £€ = t? — 1 into Minkowski space with the metric ds? = —dt? 4 d&d€.
Now, let us turn to the classical limit of multipoint correlation functions in Liouville QFT

<Va1(217 21) o Van (Zm Zn)> _ /e—S H 62ak@(2k,2k)[D(p]'
k=1

We consider the case of all “heavy” operators, i.e.

Mk
A — —.

b
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These insertions are of the same order as the action and hence they modify the equations of motion
Vi (—Aga(a:) + %f?(a:) + 4A62U(w)) =A4r z": 0P (2 — z1,),
k=1
or in terms of the metric g, = €*7§,,
VI (%R(w) + 4A) = 4rr Xn: 0@ (2 — z). (404)
k=1

Let us study the behavior of solutions to (399) around singular points. Sometimes it is more conve-
nient to use the parameter p, instead of n

def 1.
77_ 2+Zp7

where p plays the role of classical momentum

1
a:%+iP—>n:§+ip.

One distinguishes three different regimes
1. Elliptic: p € Im, or n € Re
2. Hyperbolic: p € Re

Equation (404)) describes the metric of constant negative curvature —8A with the prescribed sin-
gularities at the points (z1, ..., 2,). Integrating this equation over the sphere and using Gauss-Bonnet
theorem we get the equality

4A/\/§d2:c = 4r (Z e — 1) 229 > > 1L (405)
k=1 k=1

This inequality is related with the convergence condition for the path integral at large negative values
of .
Consider the case of the flat background metric. One has

00 = Ne* — WZ nk5(2)(2 — 2),

k=1
or equivalently using 00 log |z|? = w0 (z)
000 = Ae*,
o=—nloglz — %> +O(1) at z— z, (406)

o=—log|z)*+....
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The last condition ensures that the metric is regular at

dzdz
ds® = e*°dzdz = W at 2z — oo.
z

We also demand that the metric is integrable at the punctures. From

dzdz

- |z — zp |4

ds® at 2z — zg,

we have )
Nk < 5 (407)

There is Picard theorem which says that there exist a unique smooth solution to the Liouville
equation with prescribed singularities (406) with additional conditions (405]) and (#07]). It follows from
(406]) that the holomorphic function #(z) for this problem has the form

Ck

t(z) = Z ( i + ) ,  where 0 = ng(1 —ng). (408)

—\(z—2z) (2= )

The parameters ¢, called the accessory parameters, are subject to three linear relations following from
the asymptotic condition

1
o—:—log\z|2+-~- = t(2) ~— at z—o0.
z
Namely,
k=1 k=1 k=1

Other parameters ¢, are chosen by Picard theorem to be some functions
e = cr(n), 25, %),

such that the monodromy matrices around elementary cycles belong to the real subgroup of SL(2,C)
M, € SU(1,1).

The solution, up to a constant factor, is given in terms of the ratio of two solutions f = /1y to
holomorphic differential equation (399)
"12dzdz dfdf
ds? = 17 = f f“. (409)
(L=1fP)2  A=I[fP)
Formula (09) states what is called uniformization theorem, giving the metric of constant negative
curvature on a sphere with punctures as a pull-back of the standard metric (403]) on Poincaré disk.

51'We note that the ”flat” metric ds> = dzdZz has the curvature §—bumped at infinity

ds? = dzdz = {z — l} = % = /gR = —400(—21log |w|?) = 87T(5(2)(w).
w

w
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The solution of Liouville equation with conical singularities (400) is equivalent to the problem of
tuning the accessory parameters ¢ in such a way that the monodromy of the corresponding differential
equation around each non-contractible loop belongs to SU(1,1). Since the problem (406) admits a
unique solution, it implies that there is a unique choice of functions ¢; = cx(n, 2, 2) which satisfy this
condition. Polyakov made an observation (unpublished), that these functions are derivatives of the
classical action

aSv:l
= _ 410
where the classical action has to be formally understood as
1 2 - & _
Sy = - ((8MU) + 4Aé€? ) d*x — 2 ; Mo (2k, Zk) (411)

The relation (4I0) has very simple intuitive meaning from CFT point of view. Consider correlation

function of heavy operators V,,, ax = b~'n; with one degenerate light operator V_ b According to

general quasiclassical arguments it must behave at b — 0 as

W(2,2) E (Vs (2,5) Vi (21, 81) - Voo, (0, 5)) = e 79785 (14 0(0%))  at b — 0.

The field V_ 5 is the degenerate one and hence the correlation function W(z, Z) satisfies partial differential

equation
P+ b zn: e, G U(z,2) =0 (412)
? (z—21)?  z—2z ’

k=1

The conformal dimensions scale as Ay, = b=2;, and hence [AI2)) degenerates in the limit b — 0 to

<a2 + Z ( PErAR i’“zk)) W(z, %) =0, (413)

where ¢, are given by (410]).

This fact formally explains Polyakov’s conjecture. We note, however, that the expression (411]) is ill-
defined due to logarithmic singularities of the solution ([@00). Moreover, it diverges not only at z — z,
but also at z — oo. In order to regularize it, we consider the theory on the domain X which is a disk
of large radius L = 1/e without small disks of radii ¢ centred around each singular point z,. We define
the regularized action as

_ L 2 2 P+ L
S = e /X <(8u0') + 4Ae )d T+ 47TR(€k,€, o)+ K(eg,€),
i dz dz , . [dz dz
R(ep,€,0) = —2i E Mk i_%:% o(z,2) (Z . - Zk) + 2 %Zzl o(z,2) (; - ?) ’ (414)

K (e, €) = =Y _miloge; —loge®

k=1

This is a typical action on a manifold with boundary

S:/ £(<p,0ug0)d2ac—|— KA(gp)alxA
D

oD
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It’s variation is

0S = /< 5<p+ £ 85@) +/ (aKV
) oD Oy
oL oL 0K, oL
— = _9 S d? +/< + €, )6d”. 415
/D<aso “a@@) pdw dp BBy ) P (1)

In the last line we used the Green theorem

/ 0, At d’a = jf e Alda” = i ]{ (A.dz — Asdz)
D oD oD

From (415]) we get the equations of motion

(% g 02 )| o, (e, 00 )
Op  00up)) |, T \0p  O(0up)

Applied to our case ([@I4), we find that the Liouville equation in the bulk is supplemented with the

boundary conditions
1 = 1
<a + ) — 0, (&w—)‘ :<8a+—)
Z— Z z st z

<8a+ Tk )
Z — Zk

which are equivalent to the asymptotic conditions in ([Z06]) in the limit e, — 0, ¢ — 0. The constant
K (g, €) has been chosen to make the action finite in the limit ¢, — 0 (and similar at ¢ — 0). There are
two sources of divergences. One from the kinetic term

i d*z

2 _ 2 2
47‘(‘ 480'80'6136—? m—i— ——nk10g€k+

= 0.
oD

=0,

Jol=1

|z—2|=¢€k |z—2k|=¢€k

and another from the boundary term

N _ dz dz ) —
—— o(z,2) | —— — = 2n; log €, +
2T . ( ) <z —Zr oz — z (e k

Adding these two together with the counterterm we get a finite result.
It is convenient to specify the subleading terms in the singular expansion

0(z,2) = —niloglz — 2> + 61+ ... at z— z,
0(z,2) = —log 2]+ 60+ ... at z— 0.

Then in the limit €, — 0, € — 0 one can write (note that the sign changes in front of the counterterm)

1 n
Sy = o / ((8“0)2 + 4./\620) d*x —2 Z MOk + 2600 — K (€, €).
TJx k=1
Using this formula it is easy to prove the following relation
aSv:l
= —20 416
o ok (416)
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which holds on-shell. Indeed, taking the derivative of the bulk part, one has

! 0o 20 (07 V) g = L 99V o —
47T/X (2@0—@“ (ank) L sAe (8%)) e [ o, (@La (ank)) i —
) - 80 = 80’ _
= — — | (Oodz — Oodz) — 7{ (—) Oodz — dodz) | =
2m <; %Z—Zl|=6z (877k) ( ) l2l=¢ O ( )>

=2 — —2—— — 2.1 .
;ﬁl o EI Nk 10g €,

Combining with the derivative of
—2 Z Mo + 2000 — K(Ek, 6),
1=1

one finds that first, the divergent terms are cancelled, and second that (416]) holds.
We note that (AI16]) implies that the form

dSo = =2 Grdny (417)
k=1

can be integrated giving S, up to a constant term independent on 7. To fix this ambiguity we note
that the classical Liouville action can be explicitly evaluated for ), n, =1

5&

=2 Zmnj log |z — z;|*. (418)

=1
E:knk i<j

Formally ([#I8) corresponds to the lower bound of ), 7, in (@05). In this case the solution has the form

0(z,2) = —Zm log |z — z|*.
=1

As an example consider the case of three external points. In this case the accessory parameters in

(E0Y) are completely fixed by the requirement t(z) ~ 2

—2512’1 + (51 + 53 — 52)22 + (51 + 52 - 53)2’3

“a- (21 — 22)(21 — 23)

)

Differential equations (413) in this case can be reduced to the hypergeometric equation. The single-
valued solution to (4I13) admits the integral representatio

3 3
U(z,2) = C [ |z — =P™ / [T 1 — zel>[e — =P, (419)
k=1 k=1

92We note that formally our classical equation ([@I3]) has exactly the same form as the quantum one (@5]) by with different
meaning of the parameters. For (O5) we obtained the integral representation (B86]). Thus adjusting the parameters we

arrive to (419).
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where
Ay=n—-2np,—-1, B=1-n n=n+mn+ns.

The normalization constant in (419) is obtained from the following arguments. We know that U(z, z)
has the form

U(z,2) = Mlvn(2)[* + Xafn(2) 7,

where

P1(2) = (z—2)"M(14...), a(2)=(z—2)" (1 +...) = W) =1—2n. (420)

The parameter A; can be found from (419) in the limit z — z;

B+Y Ap=—2
)\1 _ C|Zl . Z2|2772|Zl _ 23|2773 / |§ . Zl|2(A1+B)|§ . 2’2|2A2|€ . 2’3|2A3d2€ Ak

B+Zék:_2 71'C|Zl — 22|2(n3_m)|2’1 — 22|2(n2_m)|2’2 - 2’3|2(2m_1)’7(1 + Al + B)’y(l + Ag)’y(l + Ag) (421)

In order to find Ay we transform the integral

3 3
/ [T 1€ -zl — 2B = / TT1€ - (o — 2) P4 1622 = {€ = (21 — 2)} =
k=1 k=1
= |z — 2 20-2m) / & — 1241 |(21 — 2)3 — (22 — 2)[*2[(21 — 2)a — (25 — 2) P B dPe =3

z—2 1+By(1+ A
i; ‘Z_Zl‘2(1—2771) (/‘SL’|2B‘£L’—1‘2A1(Z2$—I—...) :71_|Z_Z1|2(1—2171)7( + )7( + 1)(1_'_'”)’

so that (14 Bly(1+A)
_ _ + 5)y(L+ A1
Ao — o 2srm=Y) (o 20e+m—1) 499
2 = 70|z — 2z |21 — 23] Y2+ A 1B (422)
Using ([@21]), (422)), (420), [02) and also the relation
1+A,+B
7( + 1+ )(1_2771)2:_17
v(2+4+ A, + B)
one finds
1202 = 3A7(77 —1) E 2|2(1_2’73)|213|2(1_2"2)|223|2(1_2’71),
Hk:l (N — 2mk)
and hence 2(1—am)
2z A = Da(n = 2m)v(n — 20) (423)
! 203 Y2 (2m)v(n — 2m)
We have

6-1 = _1Og >\17

with A\; given by ([@23]), while 65 and 5 are obtained by permutations of 7’s and z’s. In order to integrate
the one-form (4I7)) we introduce the function

F(z) ¥ / ’ logy(t)dt,  F(z)=F(1-2).

2
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Then one finds (using the normalization condition (18]))

Scl = A (’/] — 1) + (51 + (52 — 53) 10g ‘212‘2 + (51 + (53 — (52) 10g ‘213‘2 + (52 + (53 — (51) 10g ‘223‘24‘
3

+Fm=1)+Y F(n—2n) = > F(2mp) + F(0).
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Lecture 32: Classical CFT II: classical conformal block

In last lecture we saw that corrlelation functions of heavy fields behaves semi-classically in the limit
b—0 |
<‘/b*1771 (217 21) e ‘/E’flﬁn (Zna zn» = e_b_zsd.

What is less obvious is that holomorphic quantities — the conformal blocks , which do not have immediate
path integral representation, still admit WKB behavior. Consider for example 4—point conformal block

Ay As A=nr—AgtA] (pot1y# (D4 P3L_x|A) (A[L,P1|A)
5 z) = z 1A AL ® ,
A(Al A4‘ ) IA%:“I (A (A4 @3|A)  (A]D]A,)
where (AILLL_A|A)
= g o
and take 5 0 b L)
— A1) = — 2 —
A =A(b nk)_b2+..., A A(2+ 5 ) R +... (425)
Then we have the following statement
6—2 5—3 1 A 62 63 4
S a-a2) (f;f gj z) = eng <51 B )+ at (426)
RN

where fy (% 3

The statement (426]) is rather non-trivial being viewed as a series expansion at z — 0. Clearly, we
have

z) is called classical conformal block.

1 (#—51—52) logz-l—...

SA-AI-Dg _ 3
while the rest is a series 1 + Fyz + F52z%2 + ... where
Ciym (AgP3L A |A) (AL, P1|As)
Fy = p-tye (B “ . 427
v= 2 R eA) (A A 42

N
Let us estimate how the coefficient (d27) behaves in the limit b — 0 with ([425]). It is clear that

(Aq|P3L_A|A)
(AgD3[A)

= P)\(A47 A37 A)v

is a polynomial of degree degPyx = I(A) where [(\) is the length of the partition A. This statement
follows immediately from commutation relations (I61l). The same is true for %.

Now consider the Shapovalov matrix (424]). Consider the matrix element

(AL, LAIA) = (AL Loy Loy, ... |A)
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and drag L_,, to the left. Using commutation relations [L,,, L,] = (m — n) L4 + %(m?’ — M), —n,
we see that if it does not meet Ly, on his way then the result will be

> en(AlLyLoy, Loy, ... |A)

n

with all ¢, finite in the limit b — 0. However if it does meet Ly, the result will be of order b% since
A~ b% and ¢ ~ b% So the more such “meetings” occur the more singular behavior at b — 0 we get.

Most singular matrix element is
1

It implies that the inverse of the Shapovalov matrix behaves as I'™! ~ V. Altogether it implies that

the coefficients (427)) behave as

1 1 . .
Fy~ oy at b—>0:b2—N<F}VN’+bZF}VN Dl 2’+...>.

Now (426) is equivalent to the statement that in the expansion

2

F 3
log (14 Fiz+ Fo2® + F32° +...) = 2F + 2° (F2—71) + 23 (Fg—F1F2+?1) +...

all singular parts are canceled all the way down to F ](Vl ). For example it implies that

d2 I3
01 04

following semiclassical intuition. Consider the five-point correlation function

One can define the classical conformal block f)

z) purely in classical terms. One can use the

W(z,2) = (V_s(2,2)Va, (21, 21) Vay (22, 22) Vs (23, 23) Ve (24, 24)).

It satisfies the following partial differential equation (BPZ equation)

<a2 + b i((z _A;)g G ?’“Zk))) U(z,2) =0.

k=1

Consider a particular solution to this equation specified by the expansion

Ua(z|zk) = (21 — 29) 2701752 [ng’)(zm, 23, 24) + (21 — 22)1D(Al)(z\z2, 23, 24) + .. } at 2z — 2.

a2l
Then for the function 1A (z|2x) one has

(a?uﬂz( A, o )+b2(A—A1—A2)>¢A(Z|Zk):O.

—\(z—2)?  (2— ) (z—21)(z — 22)
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Expanding at z; — 2, one obtains a semi-infinite system of inhomogeneous differential equations

_02 b 4 A O © =0
O Cro g | R CEVE
L k=2
: =2 _
A ) b (A4 A —Ag)
2 2 k k (1) 1— A2
_0 T ;((z—zk)2 * z— z - (2= 22)? | vallzla) + (2 — 29)3 N(elz0) = 0.
: =2 _
A 7) 20°
S+ o)+ | ) + (e el + el o) =0
L k=2 J

(428)
where Ay = A, A3 = Az and Ay = Ay. Of course the solution to this system is not unique. At each
step one can add a solution of homogeneous equation with shifted dimension A

A=A+ A+2— ..

One can fix this ambiguity by demanding that the solution Wa(z|zx) corresponds to the linear combi-
nation of two five-point conformal blocks

(A27Z2> (A37 Z3)
Uk (2l) & NS
(Alazl) (Az,l,z) (A4, 24)
that is
Ua(zlzr) = CLWL(2]2) + C_Wx(2|2k)-

It means that

P (2]2) = DWL

with D& bemg some differential polynomial with rational coefficients

(V_s (2)VA (20)Viay (23) Vs (20))

8 (zl2),

= DINV_ 1 (2)Va(22) Vi (28) Vs (20))

where VA(k)(z2) is a descendant appearing in holomorphic OPE

Z JA=Ar1-Dotk (k)
Va1 Zl ajas Zl —22 ! 2 VA (22)

a9 22

In particular, one can check that

(A=A —Ay)

o

N (22) =

(212)

solves second equation in (428).
One can choose W% (z]z;) to have a diagonal monodromy while z goes around z; and z;

UE(2]2) = (21 — 20)° (wg”’i(zm) 4 (21— )W ) - ) ,
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where ¢f)’i(2\zk) are two solutions of first equation in ([28) which transform as (A = A(«))

w(AO)7+(Z|Zk) . <€2i7rba ) bO ) w(AO)7+(Z|Zk)
0 y T LT —Q 0 ,—
ONCEY U VAN CEY
It is clear that since wf)’i(z\zk) are obtained by application of differential operators with rational

coefficients, it has the same monodromy properties. Taking a = % + % we conclude that trace of the
monodromy matrix in the limit b — 0 is

trMyy = —2cosTA. (429)

Now we come to the definition of classical conformal block. Consider differential equation with four
singular points

- Ok Ck B
3] +;<(z—zk)2+(z—z@)]wz)_o (430)

t(Z)Nz_h' at  z—o0

According to discussions above, we define classical conformal block as a function which satisfies

D

oh (5
(%k

= ¢, such that trM;s = —2cos7TA. (431)

We note that due to the relation ¢(z) ~ Z% there are three linear relations between accessory parameters
ck. So, only one of them, say ¢y, is not fixed. If one demands the constraint (429]) then ¢y = ¢4(A) is a
particular function of A. Classical conformal block is related to ¢4(\) by (431).

It is convenient to use projective invariance and set z; = z, 20 = 0, 23 = 1 and 2z = oo. Then
equation (430) reduces to Heun equation

" (51 (52 53 .TL’(LU — 1)0 54 — 51 — 52 — (53 .
4 +<(z—x)2+z_2+(z—1)2 -1 —2) =1 )¢_o (432)
where 5 5 s 5 5
2 03 2 03
clx,\) = %f’\(cﬁ 54‘1’) = h(él 5, ‘x) = /c(x, A)dx + const. (433)

A constant term in (433]) can be easily fixed by matching the asymptotic at x — 0.
So, we have a problem of computing the accessory parameter ¢ in Heun equation (432]) as a function
of trace of the monodromy. Consider simpler problem first?d
01 dg 01402 —0 1— )2

" _ h _ B S B ith = .
X' +tlw)x =0 where t(w) e +w2+ Y EE— with ¢ 1

531t is obtained from

1) o ) c c c
x”+((1+1+ +1+2+3)x=0

w—w)?  (w—w2)? (w—ws3)? w—w < w—ws wW—ws

in the limit w; — x, wy — 0 and w3 — co.
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Obviously we have
MigMs =1 = trMiy = —2coshm\.

If one finds w = w(z) such that
’ 2 wi\z), = 51 52 53 T\T — C 54—51—52—53
1) = (W) w(2) + (2) - R R e R . 1)(21)— 7) 1)
(434)

so that w(z) = 0 and w(x) = z. If we assume that the series for v(z) converges in some domain, then
1 (z) has the same monodromy as x(w).
We solve (434]) pertubatively at both z — 0 and x — 0. It is convenient to represent

51 52 C1

=) = (z—x)2+§+

+2+7‘(z) where 7(2) =79+ Tz + 122+ ...
z—x  z

with ¢; = c and ¢3 = (x — 1)c+ 01 + 2 + I3 — d4. We have

0 +0y—0
Cc1 — —1_‘_72 + (5"‘(51 - 52)’01 + O(SL’),
01 4+0—0
02:1_‘_724—(54‘52—51)@14‘0(1’),

70 = (46 + 3)vy — (0 + 3)vi + O(x),

We note that explicit form of the coefficients ¢; and ¢, implies the constraint
(1 — S(Z)Cl +co = (51 + (52 + 53 — (54. (435)

One can solve (435)) for
o (x) =0 + oz 40P
The rest of equations can be solved perturbatively in x. We have

0—0;—0 — —
_ 1 2 | (0 4+ 1 — 02)(0 + 63 — d4) N
T 20

C

which implies

0 O3] \ (0 4 01 — 02)(0 + 03 — d4)
fx(dl 54‘93) — (5 — b, — 6)logz + s T+

with complete agreement with semiclassical expansion of (163).
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Lecture 33: WZW models I: current algebra, Sugawara construction, KZ equation

Before going to WZW model, we consider more general example of sigma-model with the B—field

1
C 4n

S =1 [ (VA" Gu(X) + e By(X)) 9,X°0,X7 + JGRO(X) ), (436)

where B;; = —Bj;. We note that the B—field term is topological

/ " Bi;(X)0,X'0,X d*x = / B, where B BjdX' AdX7,

In PCF the group valued field g is defined on a sphere S?, which can be thought of as being the
boundary of three-dimensional ball B. The fields g(z, z) are the smooth maps S? — G. Such maps are
known to be classified by the homotopy group m2(G) = 0. There is the well known mathematical fact
that m5(G) = 0, which means that all such maps are homotopic to the constant map. Clearly constant
map can be continued from S? to B. Thus we might define the following G x G invariant WZW term

) ... ) _ _ _
Swaw = —— [ Tr(FJAFAG) =— €apy ¥ (97'00g - 9059 - g '0,9) d’x

127 /5 127 /4

We'd like to interpret the WZW term from the 2D point of view. It means that it should be
independent on the way we continue g from S? to B. Consider small variations

g—9(1+¢&) = g+ 5] +ds+. ...

We have (we used Tr ([§,7]AJAF)=0and dj = —j A J)

SSwow === [ T ning) =~ [ ieini+ - [ w(eddng)) =+ [ Teiedi).
=0

(437)
We see that for & ‘52 = 0 the variation indeed vanishes.

Now let us check the behaviour of Syzw under taking different extensions from S? to B. Let ¢ and
g be two such extensions. By definition g|sz = g|sz. One can glue these two extensions into the three
sphere S® with ¢ corresponding to the north semi-sphere and § to the south. This provides a map

(BUB)/OB = S* - G.

Then we have

. 1 L
Swzw 9] — Swzw(g] = AT = 5 Tr(FAFNT).
SS

All maps S® — G are classified by m3(G) = Z. They can be understood as mapping S* — SU(2) € G.
It can be shown that
Al =27min, n € Z.

Let us consider the theory with the action (here we use i = \?)

1 I , ik B B . )
5= 5w /SQTr(g 0u99™ ' Oug) 'w — 1o BeamTr(g 0ag -9~ ' 059 g 0yg) d’x (438)
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with the new coupling k. We demand that the functional integral

©) = [pgoc
is independent on the way we extend g from S? to B, which implies that

keZ.

We note that the three-form
1 L
——=Tr(F AT NF)

g
12
is bi-invariant and closed dH = 0:
1 . dj=—gri 1 o 1 agbyeqd
dH:—ETr(dg/\g/\g) = _ETI(JAJAJAJ)__E] NGPNGENG Tl"(tttt) 0.

:_]d/\]a/\.]b/\] :Tr(tdtatbtc)
Thus locally (on the target space) there exists two-form B such that
dB = H,

and hence the action has the form (436). For example for SU(2) in standard parametrization (??7) one
has

H = —sin 6 cos 0dfdxdx- : H =272,
5‘3

and hence locally
1
B = 2 cos(20)dx; A dxa.

In order to anticipate the role of the WZW term, let us derive classical equations of motion following
from the action ([438]). Consider the variation g — g + dg. Then for the first term in ([38]) one has

1 _ _
05y = Y] /52 Tr (g légau (g 18“9)) d*x

and for the second (see (E37))

0Swyz = —% Tr (( — g Y6gg7 dg + g_1d5g) A gt dg A g_ldg) dr =
k k
= jlﬂ' dTr ( L5997 dg A g_ldg) dr = _jl_ﬂ' ( 1599~ dg N g_ldg) d*z
= ik Tr (g_légd( 1alg = —/ Tr 1596,“,8 ( a,,g)) d*z
47 S2

Thus we obtain

Oy (g_lﬁug) — ik €00, (g_l&,g) =0

or in complex coordinates
(1 + )\2k:) 8(g_15g) + (1 — )\zk) 5(g_18g) =0. (439)
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We note that by suitable choice of A, one can make one of two brackets vanish in (439). For example

choosing A? = 1, one has

8(g_15g) =0 = 5(8gg_1) =0.
Thus for A = 1 one has the pair of holomorphic and antiholomorphic currents J(z) and J(z)
J —kOgg™?, J kg~'0g.
It is important to note that the holomorphicity follows from local symmetry

9 = U(2)gV (%) (440)

shared by the action ([@38) at \* = %
General arguments (see lecture [3)) shown the variation of arbitrary field under infinitesimal variations
(@40) have the form

5,0(z.2) = - f JUEW (O D), 5,0(2,7) = —— 74 7" (E)O(z, 2)dE

N 211 C, 21 C,
On the other hand by locality arguments one must have (compare to (47))

Ila
w

0,0 =w* (J§O) + " (JTO) + 5 (J5O) + ...
which is equivalent to the OPE
o _ J,0(2)
T)O(2) =) &=zt

ne”L

In particular, the variations of the current J(z) it self has the form

k k
0 (2) = [w(z), J (2)] + 5“’(2) = 0,J%(2) = fwp + §w'a
The relations of current algebra can be written in the more general form [21] valid for any semi-simple
Lie algebra
RKD e (w)

o
2 Z—w

J(2)J" (w) =

(z —w)

where K is the Killing form and f are the structure constants of g. In components one has

[Tos 0] = J& T

+ kK6, .

*The action ([@3]) satisfied Polyakov-Wiegmann identity

1 , _ _
S[gh] = S[g] + S[h] — W/(‘S”” + ikX%€ ) Tr (971 0,90,hh ™) P

55 A Lie algebra g is defined by generators ¢t with the following commutation relations
[t ] = fatte, (441)

where fa% are the structure constants. Note that there is no i in the right hand side of (@41]). Thus the generators t* are
antihermitian.
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Here we will pause for a moment and consider the following question. How to compute the OPE

A(=)(BC)(w) =2, where (BC)(w) % - ]{ % p)cw).

271 Tr—w

First of all we perform the following modification of the contour

BRS

II

For the first integral we have

= L f ¥ gy (---+AC‘ (W) | ACA) L o) + )

27 Jo, T — W Gz —w)y (z— )
(2ikéw$??wBC®ACwa{>+_“7

(442)

2)C(w
1 1 dx
—”.+(z—w)2(%£wx—w TAC )

while for the second[%]

+ BAy(z) +) C(w) =

J/

II=——
21 Jo, v —w (x — 2)? (x — 2)
B(x)A(2)

_ S dx 1 _ ﬁ for k>0 (. BA 5(z) BA_{(2) y
{ 27?@'%22:6—10(:6—2)’“ {0 for k:go} ( Tt (w—z))c( ). (443)

®6Note that in this case only the singular part of OPE B(x)A(z) contributes to the integral. Having this in mind, we
can rewrite I + IT in the following form given in particular in Di Francesco’s book

1 dx ( o BA_5(2) N BA_4(2)

1

A(z)(BC)(w) = L?{ d <A(z)B(:c)O(w) + A(z)B(a:)C(w)) .

27t Jo, T —w

Here by contractions one denotes the singular terms of the OPE.
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Let us apply ([@42)) and ([@43)) to calculation of OPE

PIT) =PI = (= 20 BE) = P16, €)= ) =
(e £ e Aok f ) +
(#12)
1 (G + B2 -
@43)

M et g |+ e

=7 J;/—w)3+(z—w)2

2964

20T (w))

Y

where the cancelling happens by (anti)symmetry properties and ¢ is the dual Coxeter number, in

particular g = n for sl(n). Thus we have

J2)T(w) = 2v(k + g)% + regular

Taking
1
2(k+g)’

and expanding ([444) at w — z (and relabelling z <> w) we obtain

’y:

T(2)J%(w) = (,;]_(Z))z Lorw)

Z—Ww

which is expected result — all J%(w) are primary fields of conformal dimension one.
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Now we have to demonstrate that 7'(z)7T'(w) obey the OPE for Virasoro algebra. We have]

T(2)T(w) = mT(Z)(J“J“)(w) ={A(2) =T(2), B(x) = J*(x), C(w) = J*(w)} =
1 11 de . 11 de .
- 2(k +9) l(z — w)? 2mi féw T — wJ () (w) + z—w2mi fo, w— wJ ()07 (w)l_l—
@)
1 ( ) w 1 1 a Ja w 1 a a w
Farg) w2 T30y o e+
@)
LT ) w0 _
(k‘—l—g ( (JoT)(w) + (= )(OJ4T)( )—I—)
kdlmg J“J“)( ) 1 (JeOJ*)(w) 4+ (0J*J*)(w) 1 b
2(k+9)(z— )4 k+g (z—w)? 2(k+g) Z—w B
_ kdimg 1 2M(w)  T'(w) _ c 2T (w)  T'(w)
B 2(k+g)(z—w)4jL (z — w)? L 2(z —w)* * (2 — w)? o w T
Thus, the OPE gives the Virasoro algebra with central charge
_ kdimg
= Tte (445)

The Sugawara construction for the stress-energy tensor can be generalized for arbitrary Killing formPy

T(2) = 5 o g)Kab (") (446)

5"Here we use that the OPE

koot febJe(w)

ab ab 7c w
dJ2) I’ (w) = 0, <(2 ~ ) + 2k™ _ Je (W)

z—w)?  (z—w)?

—i—(Jan)(w)+(z—w)A(w)—|—...)——( +A(w) + ...

Z—Ww

implies that
A(w) = (0T T°)(w).

Also

AT (w) = -8, j{c

211

To(2)J (w) = - ?g <awﬁ J“(:z:)J“(w)—i—ﬁJ“(:r)aJ“(w)) — o (8J%T%) + (J*DJ%))
A\ ,

—9, 1

T r—w

58The Killing form K is a symmetric bilinear form g ® g ©> R defined by

KX, V)% i Tr(aandY)

Given a basis t* one has ) )
adgead,st° €D fad fbege — oy (adgeady) = o fad fbe
g g
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In terms of modes the Sugawara formula (446]) has the form

b a b a 7b
L ,Hg Z Jo nJb for m#0,  Lo= Hg (2;}7 Jn+J0J0>. (447)
It is convenient to rewrite commutation relations of the current algebra together with Virasoro algebra

(L, L) = (m —n) Ly + i(m?’ — M), —n,

12
[Lm’ JS] = _anH-m
[J;?lv,? JZ] fab m4+n + kaabém,—na

where the central charge is given by (445). It is important to keep in mind that L,’s and J%’s are not
independent in WZW models, but are related by (447).
In terms of fields, one can say that the primary field belongs to some representation of g and one

has the OPE 1
JUE)B(2) = g_(? .

where t® are the Lie algebra matrices in that particular representation. Using (448)), we can compute

O(2)T(w) =12(2)(J*J)(w) = {A(2) = &(2), B(x) = J*(x), C(w) = J*(w)} =

_ 1 L dx (—Ja(.],’)taq)(U))) (Z)Ja(w) — (tataq)(u;) X 2t

z—w2mi fJo, v —w w—z
-

(448)

(J®)(2) + .. )

(w—2)? w-—z

v

@) 13D

Thus we have

+..., (449)
where

2(k+9)
We note that C5 is the quadratic Casimir, which acts by a constant in any irreducible representation.
Moreover, in ([d49) we have assumed that

where (5 = t*t°.

, t*(J ®)(z)
L ®(2)=90 =— 77 450
1B(z) = @'() = = (150)
This is consistent with
L= JJe
! 2(k+ g) ( )

which follows from (444]).

In WZW model we assume that g(z,z) is a spinless primary field that corresponds to the lowest
dimensions fundamental representation of the left and the right global groups P m particular, g(z, 2)
has the conformal dimensions

_ Céund
A= By =50t (451)

59We remind that the fundamental representation
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On the other hand g=*(z, 2) corresponds to conjugated fundamental representation (anti-fundamental
representation) with the same conformal dimensions ([A51]).

We note that ([50) allows one to write the so called Knizhnik-Zamolodchikov equations for correla-
tion functions in WZW models. First we note that (448) imply the following current Ward identitied*]

a
7

§ — 2

(J“(f)@l(zl)(IDN(zN)) = Z <(I)1(Zl)q)N(ZN)>, (452)

where by ¢ we mean t* acting in the i-th representation corresponding to ®;. Moreover the condition

JUE) ~ 5% at & — oo (this is similar to condition (70]) for stress-energy tensor) implies the following
constraint on correlation functions

Ztg@l(zl) L Dy(zy)) =0, (453)

which corresponds to global G invariance. Using (450), we have

(®1(21) ... Dy (zy)) B2 kig%ﬂézgiﬂ% (B (21) ... D (2)).

Evaluating the integral, one finds

1

8Z<q>1(2’1) e ®N(ZN)> = 2 T g Z Zg ? ig <q>1(2’1) e ®N(ZN)> (454)
iz

Equations ([454]), known as KZ equations, are a vast area of research in mathematics.
In order to make use of Knizhnik-Zamolodchikov equations, let us study the following four point
correlation function

(9(21,21)9 7 (22, 22) (23, Z3) g (20, 2a)) = |(21 — 20) (22 — 23)|7*® H (2, 2), (455)

where (see (72))

(21 — 22) (23 — 2)

(21 — 24)(23 — 22)”
and A is the dimension ([@51)) of the field g. Note that in (455]) g and g~! are not multiplied as matrices,
the indexes of each g remains uncontracted. In order to clarify this point, let us consider G = SU(N).

In that case g transforms as fundamental representation of SU(N) x SU(N) and ¢g~! as antifundametal
one

z =

g — (wlawl)a g_l — (WN—lawN—l)'

Let us denote by «aj the index of g(z, Z) corresponding to the group SU(N) acting from the left
(corresponding to holomorphic action in (440)) and by [, — corresponding right (antiholomorphic)
index. That is in (455) we imply

9(zk, 2) = 90 (2, 21)  and g7 (2, &) = (971)5" (2 2)

60Here different ®;’s might belong to different representations. It is hidden in the notations for ®y.
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The generators t* in (452]) (and corresponding antiholomorphic generators) act as

t°g (2, 2) = (1)ak 9ot (21, 2)  and E°g(z, 2) = (1) g (2 %)

and
| |
a, — = L (pa\« —1\ = ra , — = " 7a\Br —1\ag =
thg ™ (2, 2n) = —(t")5f (97" ) gt (20, 26)  and - #97 (z, 21) = —(E) 5 (97 )57 (2, 20).
Note the minus signs in the previous formula. This is due to the fact that antifundamental representation

is a complex conjugate of fundamental one and the generators t* are antihermitian, i.e.
tCL

antifund = (t?und)* = _(tglnd)t'

The action of Casimir operator in fundamental representation is

N? -1
tata - C2 - T (456)
and hence N2
Ayj=—— =
9 2N(k+ N)

Now we impose the global G-invariance condition ([453]). Suppose that the correlation function (455])
has some tensor structure of holomorphic indexes, i.e.

H(z,z) ~ 23208,

Then ({53) implies (here 7" can be any of %)

ol cao cak cou ol o sal sog ol cog o, sog o cag calioy | m05 o)
| Toho202500 — o4 Tor0250%% + 06t 00 Tabess — SetonpochTan| =22k = o,

which is equivalent to

ol —as oy g —al, oy ol ma oy ay —ag o, ( )
1 — 2 3 — 4 —
Ta1 :a,l s Ta,2 Solas T Ta3 Sy o, Ta21 Sa s . 457

There ard®] only two solutions to “51)
I = 826 and I = 626

a1 Yas al ozt

The corresponding antiholomorphic solutions have the form

I =03107 and I, =885

61Tt can be understood as follows. We are taking the tensor product of two fundamental and two antifundamental
representations of SU(N) (here @1 = wn_1)

(T, ® Ty ) @ (T, @7y ) = (L@ adj) ® (1@ adj) = 1@ adj ¢ adj @ (adj ® adj) .

It is well known that in the tensor product of two adj representations trivial representation 1 appears with multiplicity
1. Thus in the tensor product (7, ® 7g,) ® (7, ® 7,) it appears twice

(T, @ Ty ) @ (T @Tey) =1D1D ...
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Thus the correlation function H(z, Z) admits the decomposition

2
H(z,2)= Y IalpHap(z%).
A,B=1

We have

1 ty @ 1% _
[82‘ - ’ (214223) 28 (11 Hy(2) + 12H(2)) = 0, (458)

k:—l—N#i 2i — %

where
(21— 20) (23 — 24)

(21 — 24)(23 — 22)

Taking ([@5]) for i = 1 and using

we obtain@

4 a a
( 2 )az_ 2A 1 Zt1®tj
21— 22 21— 24 21— 24 k+Nj:2z1—zj

([1H1(Z) + [2H2(Z>) = 0.

Using
t¢ ® te 1 defqq 1
e QU+ 1Y) — i@t — i@l | AT (—Ch — 2 @ 1% — 19 @ 12)
21 — %4 21 — %4 N——— 21 — 24
E53)

—t¢

we reduce (58) to

1 1 2
il I N é _
[Z <2’12 2’34) +N

1 C 11N, . (1 1\, .
iy 2 (-2 )aess (o - 2 )aen)| () + n) —o

212 214 212 214

from which we obtain

P_ 1 (ﬂ®g+ﬂ®@

k+ N )} (I Hy(2) + IHy(2)) = 0.

z z

Now we have to compute t{ ® t514 and t{ ® t§14. In order to compute these quantities, we use

(9 1 B L ()2 (1) = 6307 — o0, (459)

62We note that other equations for i = 2, 3,4 follow from this equation since

01+ 4+ 01 =4A+ 2101+ + 240, = 2A(21 + -+ 24) + 2701 + - + 250, = 0.
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where the last equation is the condition of completeness of the matrices {t1,...,tn2_1,1}. We have

a a ava! [ia\on soh sy s oQ a avas soq @B N2_1a e N2_1
a a a\o!, [panan sal, sy g0 O avay (payay BEED) as o 1 ay so 1
tl ®t2[2 = _(t )a% (t )az 5043 5042 50{? 50{5 = _(t )a;l(t )ag = - <5af 50{3 - Néaf 5a§) = - <Il - N[2> )
a a a\ah a\ah s« fe% af cal a\ o a\o m o (e 1 (e% (e% 1
tl ® t311 = (t )a} (t )ag 50{5 50{3 50{? 5a§ = (t )a? (t )ag = 50{? 504; - Néaf 5(1? = 12 - Nlla

and

4 I ocag sy $OY O a\o a\o ag Sa 1 a4 S 1
1 @131y = (12)24 (1) 8% 02 007 0 = (1)t (1)2 2 gez 600 — om o = I — 1.

a3 Yol Tl a1 Yo N o1 Tas N

Thus we have

1 N2 —-1H, H,—+H
O0H, = — — N
! k:—l—N( N z+ z—1 )’
1 H —-—+iH, H,—-+H,
0H, = - N N .
? k:+N< z - z—1
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Lecture 34: WZW models II: representation theory, integrable modules

For g = sl(2) we have

MEh(w) = —— ey, hz)e(w) = 2 freg,  h()f(w) = 2 4 reg
(2 —w)? Zow S (460)
_ _ _ Kk h(w)
c(e)e(u) =veg, f()f(w) = reg,  e()f(w) = oy + 2 4108
where k is the parameter called the level. In terms of modes
" def L m def m
ool e o feeee, 7 $ €€
the OPE expansions ([460) read as
[emv en] = [fma fn] =0, [hmv en] = 2€mtn, [hmv fn] = =2 fmin,

[6m> fn] = hm-‘,—n + mkém,—n> [hma hn] - 2km5m,—n

Now we come to the representations of the sl[(2) current algebra. We note that it contains ordinary
s[(2) subalgebra spanned by the zero modes

[ho, €0] = 2e, [ho, fo] = —2fo, [eo, fol = ho.

Thus it looks natural to study representations of the sl(2) current algebra generated from the vacuum
vector |j)
holg) = 717), eolg) =0, fo creates new states. (461)

We do not necessarily require that our representation of (hg,eq, fo) is finite dimensional, so j is not
supposed to take half-integer values.
Having (461]) we define the Verma module V; as

Vi = Span (hoxe_uf 7)),
!
A:)\lz)\gz"'>0, MZM12M22"'>0, v=uv,>1vy>...>0.
We note that it follows from ([@47) that

J(j+2)
A4(k +2)

Lolj) = Alj) with A=

We can define the character of V;; as (which is very similar to the fermionic character (I37))

def _c
Xj(Qa t) < Tr (qLo tho)
Vj

It is clear that
hoh-xe—pf-v|j) = (] + 2(““) - l(”))) hoxe—pf-uli),

Lohxe—pf-u|j) = (A + A+ [u] + [V]) hoxepfuli),
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where [(A) denotes the length of the partition A. Then the following expression for the character
immediately follows
( t) qA_ﬁtj
X;\4q, - 3 - - - )
! [12, (1 —¢) (1 —t2¢) (1 — t=2¢"1)

where the factors (1—¢'), (1 —#*¢") and (1 —¢2¢""!) are responsible for h_y, e_,, and f_, respectively.

The character ([62) corresponds to the situation of generic j and k. Such Verma module is irre-
ducible. However, for special values of j and generic k it becomes degenerat. It is convenient to think
of the representation V;; by means of its extremal diagram

oo hofofo  fo o fo o fo

(462)

This picture shows only some states that are called extremal. All the other states in the module V;
should be thought of as lying in the interior of the wedge. The important property of this diagram can
be formulated as follows. Take any state |w) represented by a point inside the angle and, for a fixed
n € Z, consider all the states (e,)" |w) and (f_,)" |w) for i € N4 These states fill out a straight line in
the diagram, which would necessarily intersect the edge of the diagram, and therefore will terminate in
one of the directions. Thus for any s[(2) triple

E=e, F=f, and H=hy+n

63This is similar to representations of the Virasoro algebra, where we consider first special values of A’s and generic
values of the central charge c.
64We have picked |w) with the level 3 and the charge —2 and have taken n = —2 on the picture.
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